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EDITORS' FOREWORD 








wish lo take Ms opportunity to thank her, too, for the warm atmos¬ 
phere all of us have always found at their home, and for complement¬ 
ing so harmoniously with yikl's contributions to CERS. 



ISTRODUCTtON 


In I960 C. y. Bakker was killed in an airplane accidmt and a nrw 
director general of CERN had to be appointed. But also in other 
respects CERN iroj then in a state of transition. The construction of 
the synchrocyclotron and of the big accelerator had been successfully 
completed: physicists were gradually taking ocer from engineers and 
beginning to obtain Interesting experimental results. It tmr impor¬ 
tant that the original fervour and spirit of cooperation, that had led to 
the creation of a European centre of high energy physics should be 
maintained, now that the first building period was over. Important 
not only to those working at CERN but in a broader sense to all 
physicbts. It has always been the claim of scientists, that they hare little 
difficulty to arrive at international understanding, as long as they are 
not hampered by the dullness of commercial acumen or the insipidity of 
diplomatic adroitness. Through CERN they had to prove their point, for 
this Hvur an organization created by physicists for the pursuit of physics, 
not by governments for economic purposes or for seme vague reasons 

When Vlki Weisskopf accepted the appointment this a great 
relief even to those who were only indirectly involved, but who knew 
the man and his background. 

A few words about this background. Although the years from 1924 
to 1935 with their grievous economic depression and the threat and 
finally the arrival of nazism were in many ways alarming, they wii 
be remembered by theoretical physicists as a happy era. There was the 
feeling of a great spiritual breakthrough, followed by a surprisingly 
rich harvest, there was a feeling of belonging to a small and select 
inner circle headed by a few ready outstanding men. 

Weisskopf, who hod worked at Gottingen, ZQrich and Copenhague 
before moving to the United States, was one of the prominent younger 


members of Ibis group. He worked with Wigner and with Fault and 
their power of mathematical penetration left their mark upon him. 
He knew Ehrenfest well and felt akin to him because of his preference 
for simple, dear and beautiful formulations. And abore all he under¬ 
went the influence of Bohr's depth and wisdom. 

But while others may wistfully remember those days. It Is Weiss- 
kopfs unique achiecemeni that he has carried ocer the derated idealism 
and the enthusiasm of his early days into a new world of organised 
research and large scale experimentation. 

Through the work he did at CERN, through the impact of his ma¬ 
ture personality, he has had a profound influence on modern physics 
In Europe. 

The present essays, tn which try to capture something of his 
spirit. Is offered to him as a small token of gratitude. 


H. B. G. Casimir 























DIE unitAren darstellungen der 
HOMOGENEN LORENTZGRUPPE 


MARKUS FTERZ 
£. T. H. ZOrkh 
Jatmory 17, 1965) 


Def Gegenstand der folgenden Belrachlungen gehdrt heule zum 
klaMischcn Batand der matbematischen Ph)rail(. Niemand soil daruni 
erwaiten, daB ich etwas bicten kann, was nicht andcre im wesentlicben 
schon gesagt hitien [I]. Der Sinn dieser Mitteilung ist darum cin 
pUagogischcr. 

Ich mdchie eine anschauliche Meihode vorfUhren, die zu den 
irreduziblen uniUren Darstellungen der homogenen Lorentzgruppe 
ftthrt. 

AIs ObjekI, das wir Lorentztransfomiationen unterwerfen. wihlen 
svir die Feldstirken £, S und den Ausbreitungsveklor f einer ebenen, 

elektromagnetischen Welle in einem feslen Punk! des Raumes end 

derZeit. 

Die MaSeinheiien kiSnnen siets so gewlhit werden. daD 

|E| = |B|-lp|-/>. (U 

Diese Normierung ist lorentzinvariam, wie die vierdimensionale 
Gleichung 

f,£<, - pj)i 

zeigl. Hier entsprichi den Feldstirken £. B und p, ist der 
























Darstellunffen drr Loreiuxgruppe 3 

Das invarianle Inlegnil wird jelzt 

(6) 

Hier ist aber ichon 

JM - 

invarianl. Denn «i festem «4 und / entsprechen die CIOj) Funktionen 
#. die homogen sind in p vom Grad ip— I, und homogen sind in e** 
vom Grad I. Da nun p und F linear-homogen Iransronniert warden, 
bleiben die Homogenidugrade ip-I und / invarianl. Zu festem p 
und / Widen die Ci.(p) also einen invarianten Raum und es ist leicht 
zu sehen. daB dieser auch irrcduzibel ist. Wir haben also dumb p 



Wenn man die Raumspiegelung als weiteies EJement der Gruppe 
Spicgelung fiihrt / nach 

Die Darstellungen / - 0 erhSll man scbon, wenn man p allein be- 
irachlet. *(p) ist alsdann eine Funklion auf dem Lichikcgel. 

Man kann unsere Tripel als ..anschauUche" Darsiellung von 

Spinoren o, ansehen. Es eiistiert ndmiich die foigende. eindeutige 

a.S> - p. a^, - E+i«. (8) 

Einem Tripel sind aber immer zwei Spinoren. o. und -a. zugeordnct. 

Mil Hilfe dcr Spinoren erkennt man sogleich. daO es Loreniz- 
iransformalionen gibt. welche ein gegebenes Tripel nicbi Indern. 
Sei n&mlich der zugchbrige Spinor 


so indcrt die unimodulare Transformation 

a. + Co,oj-ai (9) 

den Spinor nicht. Dabei ist C eine beliebige kompicxe Konslante. Im 
allgemeinen llBt freilicb cine Lorentztransformation kein einziges 
Tripel invarianl. Wenn sie jedoch eines invariant l»Bt. dann auch alle 








lie gleichc 

1st in der Transformation (9) C — 2 Ig i ree 
Transformelionsmatris wk folgt aufspnllen: 
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AN ELEMENTARY DISCUSSION OF POSSIBLE 
NON-INVARIANCE UNDER T. CP AND CPT IN 
HYPERON DECAYS* 


T. D. LEE 



































(17) 












il. Thus, Eq. (5) can 


and, as a consequence. <{Na)y.,|ff^J/l'>> are real 
be obtained by using Eq. (IS). 

For the decay of A°, we may denote the corresponding incoming 
Ufave eigen-sute of the strongly interacting (N+a)system by |(Na){",>. 
Since the strong interaction is invariant under C, Eq. (13) implies 
that the l(Na)|^,> state is also related to the stationary state |(Na)?.,> 

by 

lOR*)!:.) - ( 18 ) 

Equation (6) can be derived by using the relation 

m - <(fI*)?,|H»sl^’’>. (19) 

To establish the consequences of CP invariance, we may choose 
|^“> - Cf»|d°>. (20) 

KNa)!.,) -+Cf>|(Na);.,> (21) 

- -C/>KNa);..> (22) 

where X stationary or incoming. Equations (7)-(9) are the direct 
consequences of the assumption that is invariant under CP. i.e. 

CPH^ P' 'C' ‘ . (23) 

If ff,„» it invariant under CPT, then 

CPTU„t T-'P''C-' - . (24) 

Equations (10), (11) and (12) follow immediately by using Eqs 
(I4)-(16) and (18H22). A special consequence of Eqs (10) and (11) 
is that CPT invariance implies [I ] the equality of life time between 
and A". 

We note that Eqs (5) and (6) are consequences of Eqs (7>-(12) 
ri.e. r invariance is a consequence of CP invariance and CPT invari¬ 
ance), Eqs (TH.9) are consequences of Eqs (5), (6) and (I0)-(I2) 
(Le. T invariance and CPT invariance imply CP invariance), and that 
Eqs (I0H12) are consequences of Eqs (5H9) P.e. Tinvariance and 

The absolute magnitudes and the relative phases of these transition 
amplitudes can be directly measured by studying the decay rates and 




In order to make clear the consequence of lime reversal symmetry. 


should be considered together with its reversed process 

N+a - d*. (») 

Let <t. SmIMIS.,) and Sf,) be. respectively, the transition 

matrix elements of reactionsfl )and (29) where S^, S^, ( are the same 
unit vectors as those used in Eq. (25) and S4. 4' are the corre¬ 

sponding unit vectors for reaction (29). 






procity relation (13. !41. In this section, we will show that the pre¬ 
viously proved consequences of T invariance can be derived by using 
the reciprocity relations between the relevant reaction rates. 

The reciprocity relation. Eq. (30). holds for the (N+n) system in 
any isotopic spin state /. To first order in (but all orders in the 
strong interaction), the transition matrix elements for reactions (1) 
and (29) are given, respectively, by 

<«, S,|M|S,> - <(t. S»)1-|H^|S.,> (31) 


and 

s;> - s;)r> (32) 

where |S,> and |S;,> are the same physical ld°> slate used in Eq. (14), 
but with the A° spin polarized along and S|, respectively. The 
|(t, SN)r>- (of !(*• suite is the outgoing (ot incoming) eigen- 











<f. S„[M|S,,) - ■ f)]Vj (35) 

where t denotes the Hermllian conjugation and the spinor Uj satisfies 
(<r-S^)J/4-I/.,. (3«) 

The ii.(/> and a,U) “re related to the A,(l) and A,(l) of the previous 
section by 

Ail ). flX/je""'- (37) 

where / - s or p. By using the assumed Hermitkity property ot 
the explicit form of |(f, SnIT) «nd Eq. (32). we find that the cor¬ 
responding matrix element for reaction (29) is given by 


5;> . ■ jC')]U; (3fi) 

where Uft and U'^ are the spinors whose s{»n directions are ^ and 5j, 
respectively. Substituting Eqs (35) and (38) into Eq. (30), we find that 


















14 T. D. tM 

iniiial polanzauon direction Sf, and the incident momentum direction 
f' are given by 

S;, - -Sn and f - -t. (48) 

We note that had the system obeyed clauicat mechanics, then lime 
reversal invariance would imply that the final .4^ in the reversed re> 
action must be completely polarized along the reversed direction ^4 

5,1 - (49) 

For the quantum mechanical system, while the final does remain 
completely polarized, its direction ^4 is, in general, different from 






















( 1 ) 






Then the SchrSdinger equation reads for the /“ partial wave 

+ K(r)-lt’] - ^'«(e, rK (2) 

(k^ > 0). 

In the physical region we normalize tt| to be 

«.i " «oi + *f'5|Po( for r i R (3) 

where Moi and Oqi are the free solotlons behaving like sin (kr—^x) 
and cm(kr“i/x). So that 

lgd((.«)--^JJo„V.(r)i,^dr. (4) 

The crucial remark then is that for I > kR, r) has a constant 
positive sign and therefore ii,i(r) has necessarily a constant ugn in the 





and Weisskopf [2]) lo compare the solutions ^ we can show Hut 
^ [1* «)] “ - ^ [»-('•)]' £ y(r. a)dr. (8) 

Since, according to <l), (d/de)K(r..) is positive, this derivative is 
negative. Hence, ig d(/, e) i$ a monotonous decreasing function of a. 
bounded below. Hence, it has a Umit ig SO) for a - 0. So for / > kR 
all partial wave amplitudes are defined in the singular case and we 
luve an explicit bound on their magnitude. For / < kA the situation 

Now. we shall repent essentially the same argument for k‘ < 0. 
Here we do not need to put any limit on / because is always 
positive. We now normalize the solution as 

“Ar) - UoM+k/O. «)(eo,(r)+ii<„,(r)) (9) 

for r a R. where 

,.o, 

Notice that for k « ix-./(/.a) is purely real and so u„(«) is either 
purely real or purely imaginary (according lo the parity of f). Then 
Wdr) is either purely real or purely imaginary and. again cannot 
vanish in 0 < r S «. Playing with this in exactly the same way as 
in the physical case, one gets 


!/('•*))< illJ*Mr)|V(r)dr. 





» show again that for each / (d/da]/!/. a) has a 
therefore the limit for a - 0 of all partial waves 


2. BOUND ON THE FORWARD AMPLtTUDE 

In the physical region > 0 we have from Eq. (7) an upper bound 





(12) 


on the partial wave amplinide for I > kR.For I < kRm shall eo« 
ourselves with the unitarity condition: 

|e“'sin<,|<I. 

Hence, we write the upper bound on cos 9 - I)| as: 

|f^*>.cos9 - 1)1 < ^1(21+1)+ pIJ (21+I)iu,rfr)|'n<')<l<- (I3) 

Let us make heie the further assumption that K(r) is less singular 
than l/r^. This is already an inleresting case because the critical case 
it l/r^ Then we can majorize the second series by a sum over all partial 

j!^’[|(2/+l)Mr)|>]dr. (14) 

The bracket, according to the standard expansion of a plane wave in 
partial waves (2) is nothing but: 

} J*'*Ve“'-»e-""“*d cos d = IkV. (15) 

Or, alternatively, one could say that (14) is just the Bom approxima¬ 
tion for the full amplitude. Hence we get finally 

Wk».cos9 - 1)1 +JVv'(r)dr. (16) 

So we get on the forward scattering amplitude a bound which is 
independent of s and grows h'ke k for it -> to. 

Similarly, one can sum the partial wave series for k’ < 0. Here 
we do not have uniurity at our disposal, but fortunately inequality 
(11) holds for all partial waves. So we got 

\Fik^ < 0,cos9 - l)( <.^J V(f)[|(2l+l)|u,«(r)|>]dr. 

Now, in analogy with (15) the bracket b just 



< 0. cos fl - 1)1 < exp (2|fc|R)|V(r)rJdr. (17) 
Again the bound is independent of a and finite for finite negative k^. 


For c ^ 0 we take for granted that dispersion relations can be written 

P): 

e/..s .s e„.s .s _ tafrfi'».l)dt'> 

FXk . D-FX*.. 1) - — 

whete we choose kj < 0. 

Now F,{kl, 1) has a limit for c -• 0, and 

(«:'«+1)^ ^ fVK(r)dr 

r-.V.’.-ai 



g(21+l)l«.H> for ki 
by k'r'-fsin *r)’ instead of *V if we *ai 





















mathematical formalism. 

y be derived from the knowledge of l 
free case of special relativity theory, t 

































































PARITY AND MOMENTUM. 

A PRELUDETOTHE USE OF GROUP THEORY 
IN PHYSICS 


HARRY J. LIPKIN 


























The even and odd operators satisfy the relations 

fA.P - A, (4.) 

PA.P~-A.. (4b) 

Even and odd operaton saliafy simple selections roles. Even oper¬ 
ators have non-vanishing matrix elements only between sutes of the 
same parity; odd operators have non-vanishing matrix elements only 
between states of opposite parity. This is seen formally by considering 
the matrix elemenis between two stales of parity P' and K 
<P’\A.\r'> - - P'P"<.P'\A.\P"'> - 0 if • -P" 

(5a) 

- -inPA.P\P'-> - -P-P'\F\A^P‘-y - 0 

iff>-.f-. (5b) 

There are simple roles for combining parities of difieteni paru of a 
system. The parity of a complex system is just the product of the pari¬ 
ties of its component parts. 

We now consider momentum. The operator K does not satisfy any 
equation analogous to (2) and has a continuous spectrum of eigen¬ 
values. Momentum conservation helps us in solving the Schroedinger 
equation, because we can look for simultaneous eigenfunctions of 
H and K. By choosing a basis of functions which ate already eigen¬ 
functions of AT, we have reduced our work considerably, because the 
Hamiltonian cannot mix stales having different eigenvalues of AT. 
We have separated our Hilbert space into an iiijmiie mmber of pitca 
which are decoupled from one another. In effect, we have removed 
one degree of freedom from the problem to be solved. Each decoupled 
subspace of the Hilbert space has one degree of freedom Ita than the 
original problem. For a one-particle problem, momentum conserva¬ 
tion solves the Schroedinger equation completely, giving plane wave 
solutions. 

Thus parity corresponds to a finite set of transformations (just 
space inversion), has a finite set of eigenvalues, and divides the 
Hilbert space up to a finite number of pieces. Momentum corresponds 
to a continuous group of transformations (translations), has a contin- 



A into a continuous set of operators Ag., analogous to the parity 
expansion (3) is just a Fourier expansion: 

A - JdAC-Hr (6») 

Ar = ^jdx[e‘'‘-‘‘>-.A]. (6b) 

The operators Ag satisfy the relation analogous to the eigenvalue 
IK.A,-]^KA... (7) 

The operators Ag’ have the property of adding a momentum X' to a 

state. Simple examples of such operators are and 

(c*^‘) ■ where x„ Xj, Pt and Pj are co-ordinates and mo¬ 

menta of two particles in the many-particle system and q h arbitrary. 
These ‘'momentum eigenoperators" satisfy momentum conservation 
selection rules, analogous to the parity selection rules satisfied by the 
“parity eigcnoperaiors** [5]. The matrix elements of the operators Ag. 
between two momentum eigenstates |JC"> and vanish unless 
momentum is conserved. This can also be seen from the formal 
properties (5) of the operators: 

- <Ar"'l(ir. ArWy - 

= 0 OOCK K‘~ K--K". (8) 


There arc also rules for combining momenia of diflercnl parts of 





















(17) 

















- V(K\ c\ K". c", K" V"KX VIMr-l|X"«'’> (18) 

where y(.K', o', K", o". K'", o'") is a coefficicm depending only upon 
the parity and momentum quantum numbers (JC', X", X'", o', o", o'") 
and independent of the other quantum numbers (s', «") and the par¬ 
ticular nature of the operator A. The double-barTed "reduced matrix 
element" <Ar'o'|M,...||i:"«"> depends only upon the multiplets. but 
is independent of the quantum numbers which specify the particular 
members of the multiplets. In this case all the coefficients K vanish 




































to the scattering process. To see this, let us expand/(i) in a scries of 
Legendre pdynomiab 

( 3 ) 


Here * is the w»ve-ntimber of the scattered particle and the complex 
numbers are related to the complex phase-shifts i, through 



(2/+1)|1- t ,|«1 

(2Z,+ I)|l-i(J-*:l (5) 


then there are at most L-zeros of/(i) close to the real axis. Indeed 
/.(x) defined by 

AW - ^ 'X' -liVM (‘) 

has got exactly L leros, being a polynomial of degree L in z. Consider 

A..W-^‘:l’(2'+>Xi-i.)pW 





Potarixation 


-AW+ ^ [:(t+0+i](i-^..)Pi»,W 

(7) 

I 7'|.^,(Z) has got (t+Ozerosii''*''’;/. of these. osUscen front (7). 

will be dote to the ttm of/i(r). especially if|l-i|t«,lUsmall enough. 
The position of the "extra" zero of/i^, (z) can be estimated by noting 
1 that 

( 8 ) 

From (5) it follows that |Ozy«i.*il > I. so that for small values of 
ihe **extn'* aero lies for from the real axis and would not 
reflect itself in an extra minimum in dn/dfl along the real axis. 

There are therefore at most L zeros of/{r) which lie close to the 
real axis, where L is determined by (5). The neighbourhood of the 
real axis which contains aU the zeros otfd:) defined by (6) can be 
determines using Rouche's theorem. In fact, P,(z) satisfies 

(V+tyzP^z) - (/+l)F,*,(z)+tf',.,(2) 

and hence 

|z|‘:^\2l+l)|i>^z)|s5V+l)ll',.,(z)l+5^|P.-.(^ 

-|;wx)i+|:\i+i)i/’x»)i 

-'|\21+l)l/>^z)|+mP^(z)|-|Pi..(z)|). (9) 

Hence 

(l*|-0Y(2/+0|F,(=)i S JL|Pi(i)i. (10) 

Since |iff| < I we now obtain, for |r| —I >0, 

I |:‘(2l+lXl-ih)PXx)J S 25'(21+l)|/>Xz)| s 



|r| big enough 





For iuch values or |z| we obtain: 

K2i.+lXl-<»J»’t(z)l a (12) 

It follows then from Rouche's theorem that all the zeros of/Ji) are 
contained within the circle deAned by |z| - 1+{2I,/(2/.+ 1 KII-<tJ))- 
It is remarkable that the zeros of A(s) “n be localized within a 
circle of such relatively small radius (provided II —i|J •« 1; see Eq. 
(S)). As we see. the only important elemenu used in the derivation of 
this result are the unilariiy requirement |iti| S 1. and the cut-off in 


scattering amplitude, let us now pass to the case of spin-} particles 
elastically scattered by a spin-O target. In this case the scattering am¬ 
plitude is given by 

V(z)-/(z)l-t-(r(-')«a.. (13) 

Here a, is the normal to the scattering plane. « is the spin matrix 
operating on the projectile’s spinor, and I is the unit matrix;/(2) and 
g(r) are two comple.x functions. The differential cross-section for an 
unpolarized beam is given by 

^ - l/(z)l‘ + l»(--)l’. ('♦) 

and the polarization of an initially unpolarized beam undergoing a 






Pohrfxaikm 


scattering by an angle 0 a arccos r is given by 

For most angles 0 it is true that |/(r)| > |g(a)|, so that the gross 
structure ot the diflerential cross-section is determined by |/(i)|', 
mininu of de/dQ occurring, again, at teal values of i closest to the 
(complex) zeros of /(r). 

Suppose z, is such a zero of/(z). lying close to the real axis and thus 
giving rise to a sharp, deep minimum in dir/dO. and let us investigate 
the behaviour of F(z) near Zi. Ignoring the variation of g(z) in the 
immediate vicinity of z,o » Re Z|. and putting in this neighbourhood 
g(z) * O. /(r) * (z-z,)f. 


The whole variation of the polarization P with 9 around 
arccos r,o is contained in z-z,. If is pure real, then 


P(z) 


2(fG)Re(z-z .) 

|z-z,|'|F|^+lC|‘ 


(16) 
9, = 


and we sec that the polarization goes through zero at z - z,, and that 












Pdorixalkm 


It has been noted already some time ago (2] that the polarization 
in elastic scauering looks like a logarithmic derivative of the angular 
distribution. In particular this implies that the polarization vanishes 
at the minima oT da/dQ, or. in our bnguage. that F*G is essentially 
real. We shall not go here into the properties of F*G, but rather assume 
it to be real for relatively low energies. This, then, enables us to analyze 
dillerential cross-sections and the polarization corresponding to them 


/ 

/• 



in terms of the positions of the zeros of the scattering amplitude /(r) 
in the vicinity of the real axis. 

To illustrate the rriation between the number of minima in the dif¬ 
ferential cross-section and the largest significant /-value in the scatter¬ 
ing we reproduce the data I3J of elastic scattering of a-particles of 
64.3 MeV on Fe*’. Estimating L^.. the highest significant Avalue, 

through 

where k is the wave-number of the relative motion, we obla 


ain for this 























STRONGLY INTERACTING PARTICLES AND 
THE TRIPLET HYPOTHESIS 


L. VAN HOVE 



Unless nature deceives us shrewdly, the physics of suong interactions 
is entering a new phase. The structure of baryons and mesons becomes 
analyzable in terms of concrete composite models which combine in¬ 
tuitive simplicity and successful power of prediction. Such a develop¬ 
ment. reminiscent of the discovery of powerful model theories for 













ihe simplest model has then exactly iwospn ^^plets« one (T*^. T^, T^) 

we call the T and 0 “trions" PJ. 

The basic triplets, quarks or trions. arc believed to be very heavy 


















and n' antiquarks where n-n’ is not congruent to »ro modulus three. 

As to the form of the electromagnetic interaction, one would 
noturally expect it to be of the minimal type for the triplets, le,, to be 
given by the following interaction term in the Lagrangian 

/.» - (I) 

(2) 

where Cq the proton charge, the electromagnetic four-potential, 
the Dirac field operator for basic triplet member a and h$ 
charge in units of All CqQ, are of course real (hermitkity of (1) 
requires this), and the electromagnetic interaction is invariant for 
C. F. r, and conserves Q (total charge) and I3 (3d isospin component). 







Triplet hypothesh 


WEAK INTERACTIONS OF HADRONS 

We discuss the weak interaction between hadrons and leptons by 
adopting for it the familiar current x current form 

(3) 

J. - W 

r.-7,(1+75)- (3) 

is the leptonic current, and G is the Fermi constant appearing in 



For the hadronic current J,, which conies dg = 1, we try simple 
espressions in terms of the Dirac field operators of the basic triplets. 

This is particularly easy in the case of quarks. Denote the quark 
fields by tj',, tkj, the corresponding charges and isospins being 
i. —k. — fond 4.4.0 resoectivelv. The natural ansau for the hadronic 

r.^s («) 








The following procedure leads to simple results. We construct the 
dK « 0 part of J, by uking it to belong to the (iQ - 1, d/ - I) 
generator of the isospin group (which is /,-Hi/i). Its expression it 
found to be 

•JiJT - eo{Fr,T”-^r,e"i (9) 

where the symbol of a particle represents iu Dirac Held operator. 
For the dK - 1 part d"’. we take the dfi - I, d/ - i generators of 
a larger internal symmetry group which can be introduced to describe 
the properties of the six trions [2]. Considering the two rank three Lie 
groups which have a basic representation of dimension six, SO(6) 
and Sp<6). we find two such generators in each case, and is taken 
as a superposition of the two corresponding terms 

v2/" - c.(T^r.r”-e^r,®°)+c'.(^r,r<>±^r,T*). (lo) 

The + (-) in the last term corresponds to Sp(6) (50(6)). In the case 
of 50(6) the throe independent terms in (9) and (10) correspond to the 
three generators of the group having dg - 1. For Sp(6) there are 
additional dg = I generators having df - 0 or I: they seem to be 
unsuited for weak interactions. Universality would now probably be 
expressed through 

+ - >• (••) 
The success of the Cabibbo analysis for leptonic decays of hadrons 
suggests that |c’,| must be appreciably smaller than |c,|. 

By means of gauge Uansformations (8) one can make the coefficients 
Cg, C| real. c| can also be made real if there », commuting with (8), a 

third gauge group for which strong and electromagnetic interactions 

are invariant. The natural eandidate is 

exp (i«"r) (12) 

y being the 5U(3) hypercharge. For trions it is connected to g and 
h by 

g./,+iy+lD (U) 

D being the so-called supercharge (2). If (12) applies. i.e.. if strong 
and electromagnetic interactions conserve Y and D separately, simul- 
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and AfJ as S'uj where (<4 — 1.12) is a I2-coinponenl spinor 

representing an SU(3) triplet of 4<omponent Dirac quarks, /'(q') 
in Eq. (I) is the form factor of the vertex with momentum transfer 

Mp. p') - (!(<i')*^“‘(p’)*a.c(p)K(<i) (2) 

where #xac >* <he anti-baryon multispinor corresponding to the baryon 
multispinor Now the charge conjugation transform p of the 

Dirac spinor u is defined in the usual way by: 

r - Cfl’, I - -u'cr' (3) 

with C satisfying the conditicms: 


CylC-' - -7,. C' - -C. C’C - 1. 
Hence the anti-baryon multispinots transform according to 


(3«) 

(4) 


If we insert 
the result: 


the expressions given by Eq. (4) into Eq. (2). we obtain 


^0>. Pi = C(«')«"“'(p)»'aae(p ) • C?’ • (C- ')i • AfS:. (5) 
Eq. (S) would have the same U(12)-invariant form as Eq. (I) if the 
following relation were true: 

C?MUC-% - Mi (6) 

or more sucdnctly (using the antisymmetric properties of C): 

CMC-' - A/^ (6a) 

Unfortunately, the meson multispinor conuins pseudoscalar and 

vector mesons with opposite C parity and hence Eq. (6a) is not true. 

It follows that the usual chaige conjugation operation C is a Lorentz- 
invariant but not a U(12)-invariant concept. If we work with the con¬ 
ventional de^ition of the charge conjugation operation and insist on 
maintaining 0(12) invariance, we would be compelled to assert that 
















basic quark spinor would satisfy the Klein-Gordon equation 17]: 


(rf+m'K-0 .>2) (12) 

instead of the Dirac equation: 

(ty>i * 0- 03) 


Since Eq. (12), in contrast to Eq. (13). does not contain any y, ma¬ 
trices, it is invariant under 0(12) while Eq. (13) is not. Unfortunately. 
Eq. (12) possesses twice as many solutions as Eq. (13). and we would 
have trouble interpreting the redundant solutions for baryons; indeed, 
this doubling reflects the fact that the Klein-Gordon equation is not 
really irreducible with respect to the Poincari group. Wc may over¬ 
come this objection by working with the Klein-Gordon equation for 
a 6-component spinor (tf * 1, •... 6). namely: 

-0 («-l. 6) (14) 

which is actually invariant under SL(6. C) [rather than 0(12)]. We 
may also write down an SL(6. C)-invariant definition of charge con- 

( 15 ) 

However, if we try to use an SL(6. C)-invatianI definition of parity P] 


W*.i)- ±W-x.l) 


(16) 















































GIANT RESONANCES IN NUCLEI 


J. D. WALECKA* 

Deportment of Miyski. Imthute of Theoeeikat Lytles 
Stanford Uniemtty. Stanford. CaUfarnia 
{Keceioed April ar. 196S) 


In this note wc would like to make some very simple observations 
concerning Giant Resonances in nuclei. Most of this material is well 
known« in one context or another, and this is merely an attempt to try 
and tie things together, and perttaps gain a little insight in so doing. 
If SjM is a muliipote operator, and |<7> is the nuclear ground state. 

I <C|[SJ„[H. S«]]|C> - 2 g I(E.-£.)|<»|S«|C>|'. (1) 

If we Uke S, M - Jj., (<he dipole momem of the charge 

density) and assume that the interaction Hamiltonian V commutes 

2 51 (£.-£.)l<"l £ t.(i)x,./r)|0>|' - ~ (2) 

which is the familiar Thomas-Reiche-Kuhn Dipole Sum Rule. If we at¬ 
tempt to go a step farther and Uke** - £,■*., T,{0[»(f) O 
and again assume (K, Sj«l - 0, then we have 

2 1 1 (£.-£.)K"l 0 *(i)]«ic>l’ - ( 2 J+I) ^ (3) 

where we have assumed |(r> has spin aero. Summing over J gives 
2111 (E. -£.)I<«I_I T,(i)e,(/)*,(i)|C>|» - 2 • ^ • W 
This result is independent of the properties of |0>. 




we can very simply calculate the iransitioo matrix elements of the 

where po i» >>>« proion charge density. Expanding for small j’s we 
find (3] 

2*«H<ni Itj{I).x(/)||G>|' - Z' - (6) 

which is the sum rule value. Let us now assume the approximau spin 
and isotopic spin independence of the nucleon-nucleon force. In 














these oscillations to exhaust the sum rules of Eq. (2). This can be seen 
in the simple **seint-classical" model of these osdllaiions where we 

I_t,(()[40 o J M*) • >‘rJI,(a.)dx 

- l^yJ*W.(o.) l>.(l*-ltlW0+<>,,(l*+}«l)*(2)]<ix. (7) 


If we lake the ground suie to be S - 0 and the excited stale to be 
£ - I. then we find, again expanding for small g 


2M<7'II Z'lOW') O*{0LllC>i* - (27 + 1)^' - (TJ + I)^ 


( 8 ) 


which is the sum rule value of Eq. (3). 

The results of these simple models can be seen to hold very generally 
by using the powerful techniques of Group Theory [7.8]. Suppose one 
defines the IS operators 


(9) 

»? ■ ilA'WO 1.2.3. 


then the commutator of any two of these G“’ (a » 1... IS) is again 
a C*'*. These operators ate traceless and Hermitian. Ifwe now define 
m. - ±i. m, - ±i |i - I... 4) where g.. and «« 
Paul! spinors, then the set of transformations defined by 

(10) 

where ra. are real numbers, form a IS parameter Lie Group, SL1(4). 
the group of 4 x 4 unitary unimodular matrices. If the nucleon-nucleon 
force is independent of spin and isotopic spin then • 


[C*', H] - 0 


(U) 


:... 15 



nucleon scattering up to 90 MeV or so; however, it certainly makes 
a convenient starting point. The Giant Electric Dipole Resonance, since 
it exhausts the sum rule, can be thought of very crudely as the state 
L'*-! ’i(*W0|C>- We will limit our considerations to nuclei of the 
type A - An tor which the ground sute may be expected to belong 
to the idenUty representaUon of SU(4) [this leads to the most sym- 



all the other quantum numbers. Now introduce the following 3 
operators 


i;' ■ > K/ U’ - T*. (12) 

The U‘ form an SU(2) subgroup of SU(4). 

[f/'.t/0-ia„i;*. (13) 

If we define tf- ■ 0‘-\U\ and let o»(0 be an arbitrary function of 
jc(0 then 

[P-,_I r,(i)(a(0] - 2|;_r.(/)<o(i)e,(i). (14) 












I by (U, t/j) since (/-spin i 


each £. we can label the stales 
group of SU(4), we find |8| 

iII<£.«lit,(/MOIC>l' -II<E.HEt-(<WI)<>>(')|C>l*- (15) 


I l<£.m| I t,(i)<o(i)|C>|^ - I I<£.m| f t,(i)ea(l)<»(i)lG>P- (16) 

With SU(4) invariance we find that the matrix elcmenu of the opera¬ 
tors in Eq. (16) must be equal at all energies. Thus if exptrimmtally 
there is a resonance in the matrix element on the left hand side of (16), 
there must necessarily be one in the matrix element on the right hand side. 

It is interesting to see how this comes out of a more sophisticated 
model of the Giant Resonance. We make a particle-hole model of the 
resonance, and expand 

l">-IC5o:6j|C> (17) 

where a — (n, /, mi, 1, m.,},«,) a (a, m,. m„ m,), and o' creates a 
particle, i* a hole. Linearizing the equations of motion in the familiar 
Tamm-Damcoff approximation leads to the set of equations for the 
coefflcienls P. 10, II] 

(t.-t,-to)C^+ I {[<p-fflKl-pa>-<p-/t|h'|«-P>]S-.S-»)C„ 
« - 0 (IS) 

where -« a (a, -m,. -m.. -m,) and S, ■ 

If we assume that V is independent of spin and isotopic spin, and that 
a, ■ a, we find after some algebra 

(a,-a.-m)C"‘(o6)-l- g »2‘s.C'^*^lm) - 0 (19) 

where (oh) and (fm) label the particle-hole states involved, and 

.2L*-z(2E+.)(;- ;* f). 

x[</4L'|V|omL>-46„dr^-l)'-*‘--‘-<(bi'|l'|'"«f.'>]. (20) 











































































undereland the regularilies in the behavior of the particles of physics. 
One important reason for this stale of affaire is that there are only 
limited situations for which the application of quantum mechanics and 
relativity lead to well defined predictions. In the case of electrodynamics 
the predictions are fairly far reaching, and the limits on their credibility 
as logical deductions fairly well understood. No convincing evidence 


















































































THE GROUP Sa AND STRONG INTERACTIONS 

YOSHIO YAMAGUCHI 
hulitmu for Nockar Sttuly. Vnkcrnty of TtAyo 



The concept of iso-spin, which is one of the foundation stones of 
modem particle physics, was introduced by W. Heisenberg [I I in 1932 
immediately alter the discovery of the neutron. However, curious 
enough, the notion of charge independence has never been fully ap¬ 
preciated in nucitar physics for surprizingty long years since then. 
It would be important to remark that the equality of p-p. p-n (and 




























> distinguish (ii 


It is clear that I or 3. for T is identical with I or 3 for the con- 
rentional charge independent case, respectively, and 3, and 2 for 
r are linear combinations (which are not always diagonal with respect 
lo electric charge) of flve independent sutes with / - 2: 

a-**, (a*a»+a»*’)/V2, {a*a-+2x"*»+a-a*)/V6, 

(a»a-+a-*')/v/2. a'*-. 
































































A S)-invariant Hamiltonian of Fermi^type is in general given 
+{*'(f4^4)«f,*.-#.f,)+h.c.) 

(4. 

+ [/'{(J4*,)’+(f4W‘)+h-c.l 









+«(CiF,#,-f>.)'+«f,*.)(f>,)+2(f>,)(^,(>.l}- H-5) 

To derive the result (4.5). it is clear that the "n"-nuinbcr (/V,) 






























DIFFRACTION MODELS FOR DIRECT NUCLEAR 
AND HIGH ENERGY PROCESSES 

ERNEST M. HENLEY 

OtpattmeM ^ fhytlci, UHhtnity of WaAimgtom, Stairle, Waskhtgtam 
iteniMl Arm 30. IXSt 


I. INTRODUCTION 

In the past few years the analytic properties of the 5 matrix have been 
explored in detail, especially in applications to strong interactions at 
high energy. It is not these formal relationships which concern us 
here, but rather some simple models which it is prohtable to consider 


reaction mechanisms and may yield quantitative information for the 
partial and total cross sections without having many (if any) adjusubic 
parameters. 

The characteristic of direct scatterings, including inelastic scattering 
and reactions, is that they generally proceed in a time of the order of 
that taken by the incident particle to cross the strong interaction 
region [I ]. Typically, such processes are characterized by small mo¬ 
mentum transfers, so that the diHerential cross sections tends to be 
peaked in the forward direction. At high energies these scatterings are 
open analyzed by the exchange of the lowest possible mass particle 
and are called “peripberal" reactions. At lower energies their analysis 
has most ofien been carried out with distorted waves and the processes 
are often called surface reactions. The reasons for these names are thit 
the small momentum transfer implies grazing collisions and the many 







pend on a large number of unknown parameters [21. the deseription 
is characterized by few, if any, adjustable constants. A dilfraction ap¬ 
proach is used, which is especially applicable for small wavelengths, 
large absorption by competing channels, and a short range transition 
potential or operator [3.4], 


The relationships we shall discuss apply both at medium and high 





























well u in nuclear and high energy reactions. Furthermore, the model 
can be generalized to large angles and to cases for which k, it nol close 
to k, by various simple devices 14] such as using k, +1, as the z-aais. 
as suggested by Glauber [7]. 

For medium energy nuclear reactions, such as (He’, n) and (». d), 
the above formula or slight variations of it have been obtained and 
used by many authors [8], For inelastic scattering of alpha particles, 
Eq. (I) was obtained by Blair [6] in the adiabatic approaimation. 


However, his appro.ximaiion is on the scattering amplitude rather than 



























channel. The juperscripts. - and +. refer to ingoing and oulgoing 
wave boundary conditions, respectively. With use of the high energy 
W.K.B. approximation [16] 

fUr) = #exp j^i* • r- i J'[f*(e+ts)daj . (4) 

where ^ represents internal (bound) wavefunctions, such as those of 
the target and final nuclei and is the complex optical potential in 
the initial or final state. If ff' is of short range, or local, then the rel¬ 

evant coordinates in the initial and final sute become identical. If, as 
suggested by the earlier model, we take the r-axis along t, then 
integration over all internal coordinates gives 

M„ -JdVe- >/r)x 

xexp[-ij^ (J) 


where f i$ the three momentum transfer. Aii *~iCf, and is the trans* 















There ere at least three cases in which Eq. (S) can be related to the 
elastic scattering amplitude 16], 

(e'“'-l)-^J' PX«>sfl)d(cos«)Je-'*' 'l/(r),>;,('-)<‘V. (6) 

where 0 is the scattering angle, 0, is the phase shift of angular mo¬ 
mentum ! and is the elastic scattering wave-ftmction Tor the optical 
potential U. The first of these cases occurs when U' oa V~ and 
ki at kt. Cl at ry. as is often true when strong absorption is present in 
both initial and final channels. The second case occurs when d/r) is 

of short range, and the third one when the main contribution occurs 

at : « 0 (ring locus). In all cases sre can snite 

Mn - + (7) 

where m the Arst instance « i*. These phase shifts are given by 

a,*-!-f” £/*(*. .»-.*')d»'. (8) 

'(rV'" 

where the i' axis is taken along and the identification 

*(x*+P*)* “ / is to be made. The amplitude 0, is the angular momen¬ 
tum representation of the Bom approximation transition amplitude 

lJ'_<l{«>5W(«>sfi)Jdi(r)e'* '<'V (9) 

with the same r-axis as Tor Eq. (8). In terms ol 8/„, the differential 





























by K* exchange (see F 




































m. Even if this point 
literature PJ. we still 
might be worth while 














ijg{x) and ihe applied ealemai cunenl J^{x) of ihe form 

«;,(*)-J<bc'K(x-*'ur(*')- (0 

The kernel function *(<-*') in Eq. (1) plays the role of a “dielectric 
constant", both in the classical case and in quantum electrodynamics. 















































current operators on the right hand side of Eq. (8) has to vanish for 
sfMcelike separations [4]. The renormalization terms not written out 
explicitly in Eqs. (4a) and (8) do not influence this conclusion as they 
aie of a point interaction character, i.e.. they are proportional to a 













The imaginary part of the Fourier transform n(p‘) in Eq. (4a) can 


be separated out from Eq. (8). It is essentially given by the right hand 
side but with the step function suppressed. More explicitly, one has 

<0\J.(x)JJix-m - J dpe'''*-* -p'/7(p')fl(p). (9) 

Equation (9) here is quite interesting as the momentum space ex¬ 
pression appearing on the right hand side has a structure which is 
somewhat similar to the configuration space expression on the right 
hand side of Eq. (8). In particular, the function under the integral sign 
in Eq. (9) vanishes unless p has a positive time component. For in- 



extended to an analytic function in configuration space. Indeed, one 


<0(y.(*V.(*')H)> - boundary value of F{z), (10) 

F{z) m -3i J“da<ii7(-o)d'"^>(r. o). (10a) 

d'*’(r.o) - ^.^,Jdpe‘'<‘-'''i(p’-Ki)fl(p) - ^ 

z - (x,-xi-ia)*-(J-z')> ~ -(x-Ar')». (lOc) 
4. PHYSICAL INTERPRETATION OF THE :i-SPACE FUNCTIONS 










leading and that the reverse nomenclature would really be more ap¬ 

propriate. To substantiate this somewhat paradoxical statement we 

theory, the really observable quantity is not the field as such but. 

rather, a space time average of the field. The physical background Tor 
this goes back, as has already been mentioned in the introduction, 
to an old paper by Bohr and Rosenfeld [5]. More formally, this 

>.{/)-J<ix/(xy.(*). (II) 

whcre/(jc) is a “test function”. It is a smoothly varying function which 
is appreciably different from zero only inside a small space time region. 
The extension of this function in space corresponds to the extension of 

the classical lest bodies which arc used to measure the current distribu¬ 

tion y,(x) while its extension in time corresponds to the time interval 

it is of particular interest to consider the following test function 

Here, we have permilted ourwlves to use the idealization that the teat 
body has no extension in space while the measurement of the current is 
supposed to be performed during a time interval of the order of magni¬ 
tude I. In the limit when a goes to zero, the test function in Eq. (12) 
becomes a d-function also in the time coordinate. Using two test func¬ 
tions of this particular kind, one centered around the point (T. T) and 

(X', T') and with time smearing interval x‘, one can substitute in 
Eq. (10) and perform the integrations over x and x'. After a straight 
forward calculation, one finds 

«)|y.(/V,(/’)K)> = 

- -3ijdaum-«)d'*’(z.a)-nx), 


(13) 














impossible lo reach the real axis without making the idealization that 
the time smearing interval« can be put equal to zero. Strictly speaking, 
this is an unallowed idealization and, in this sense, the real physical 
points are the points out in the complex plane and not the points on the 


(positive) real axis. 

The discussion above contains the idealization that the spatial 
extension of the lest body is neglected. From the point of view of 
physics this is not allowed. However, if we replace the threC'Siiinensiona] 
d-function in Eq. (12) by a smoothly varying function which is difiTcr- 
ent from zero only in the neighborhood of the point X, this only 
changes the result (13) lo contain an average of the function f(i) in a 
neighborhood of the complex point ; but still far away from the real 
axis. By suitable adjustments the domain over which the averaging is 
made can be made arbitrarily small. Therefore, it appears that the 






















elegant application of group 
possibility of understanding 




















(total energies) becoming 


Ms - Mo+a 
Afg = Mo-a 
M, - Mo+ih 
A/.^ - Kfo-ib 


from which follows the relationship 


0) 


(2) 








































Combmiog these. 


2 " " 4 

which yidds, for the known masses 

U28J^ 1134.8 


(6) 


which is excellent agreement. 

In the case of the S = deeet, (N*(/ - J), Yt(/ - 1), r*(/ - J). 
O' (/ - 0)J, we may apply the same interaction (Eq. 4) to the negative 
l/-spin quartet - i). YT'fO, - i).S*-(t/, - -}). 

Q-{£/s - -Dl giving 

M„. - M„+lh 

My.. - M,+ l* 

Mx.-Mo-ih 
Mo- - Mo~ib 

or the observed equal..spacing rule. 

These are, of course, special cases of the general rale of Gell-Mann 
and Okubo 

Af-Afoll+BY+il/fZ+O-r’/d)). (8) 

ELECTROMAONETIC MASS SPLITTING 
(I ) On the doublet scheme, the universality of the pion interaction 
predicts for the ekctromagnelic mass splittings within the baryon 
mulliplels 

(9) 

Experimentally, M.-M, - 1.30 MeV, while - -6.5 

± I.O MeV. This discrepancy could hardly be removed by the (weaker) 

(2) Since the predictions for the Fermi-Yang-SakaU model are 

dependent on the details of how the observed baryons are constructed, 

it is not especially fruitful to consider its predictions in this case. 

(3) To obtain the electromagnetic splittings for the octet model, we 

note that the electromagnetic interactions are CAspin independent. 





(/-spin multiplct. 


Thus, we have for the baryons (Fig. 2) 
iMj. - SMi- 

sMp - SM. m 

SMt. - SM, 

or, combining these 


{SM,--SM,.) - {SM!.-6Mi.)-{SM,-SM,). (II) 
The measured values yield 

(6.5± 1.0) i (7.7±0.3)-1.3 - (6.4±0.3) 
in almost loo-good agreement. 

Similar considerations can be applied to the electromagnetic mass 
splittings within the S — decet. 

MAGNETIC MOMENTS 

(1) On the doublet model, since the pion interactions ate identical, 
the moments, neglecting the symmetry-breaking effects, are 



The relative signs are obvious from a consideration of the forms of the 


ment operator does not mix doublets 

<Y'MZ“> - 0 (14) 

one easily obtains 

Pa. - Pi- - KPv+Pz.) - 0 (15) 

Pa»-s. - </l“lp|l“> - -i(Pv.-Pa.) - -P.- (Ih) 

















AllemUivdy, we can start with a tn'plet of quarks B' - (p', o'. A') 
of fracUonal change (je. -ie. -W and fractional hypercharge 
(}' _ -|) and construct the baryons out of the combinations 

B' 0 B’ Igl B’ - t e 8 S 8 e 10. (24) 








(22b) 


from which follows, from Eqs. (20) and (2IX 



Recent measurements of the i1®-momcnt (Hill. Kyda, et at.) have 
confirmed the first of these predictions. 

We may now return to Eqs. (17) for the predictions of SU(3) for 
the other baryons. and are immediately ^ven in terms of the 
known nucleon moments. One additional relationship serves to deter* 
mine the rest. This may be obtained from the observation that the 
electromagnetic interactions behave as a vector in /-spin space (ie., 
/I X /} within a given /-spin multiplet). Hence 

/'I.-K/'I-+/'!-) (25) 

which, together with Eqs. (17) and (23b) gives 

ft- - ft- “ -(ft+ft). (26) 

Thus, by straightforward application of the symmetry requirements 
of the SLI(3)-quark model, one can obtain the moments of all the 
baryons in terms of those of the nucleons. It is now well known that 
this set of relationships becomes complete with the further predietion 
of the SU(6Hluark model of 

(27) 
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SOME THEORETICAL CONSIDERATIONS ON 
THE REAL PART OF THE FORWARD 
SCATTERING AMPLITUDE 

TOICHIRO KINOSHITA* 


N. N. KHURl 













In order to emphasize the userulness of these sum rules, it will he 
appropriate to call attention to an important development in the field 
of axiomatic field theory. Recently Hepp [6] has shown that the Leh- 
mann-Symanzik-Zimmetmann formalism of quantum field theory can 
be rigorously derived from the Wighlman axioms, and also that the 
forward dispersion relation (for pion-nucleon scattering) is valid and 
requit» only finite number of subtractions in Wighlman theory. This 
is the first time that the finiteness of the subtraction procedure was 
actually proved. With the result of Hepp and the new sum rules at 
hand, we are now in the position of making an experimental test of 
some consequences of axiomatic field theory. No longer axiomatic 
field theory is as far removed from the physical world as it once seemed 
to be. If any disagreement were uncovered between the experimental 
dau and the sum rules, we would be forced to reexamine some of the 
foundations of local field theoiy. 

For the sake of concreteness we shall limit ourselves to pion nucleon 
scattering. We denote by E the total energy of the inetdeni pion in the 











Ihe dispenion relation for/(£) with at most three subtractions. How¬ 
ever, if one adds to these conditions the physical requirement that 
Im//Re/does not tend to zero as £ -• + «, (2) can be replaced by 
the stronger inequality 

|/(£)| < C|£|'-, e > 0. (3) 


for|£| -• 00 t»l. Wewishtostrassthattherequirementlra//Re/-/*0 
as £ -• 00 has not yet been proved to be a consequence of axiomatic 
Held theory. Nevertheless, it seems to be a reasonable feature of theory 
which has an infinite number of open inelastic channels as £ -♦ oo. 

From the assumptions i)... v) and (3) it follows that/(£) satisfies 


































£ - M instead of £ « 0. In fact, following the same 
above, Martin [10] obuined the inequality 

c‘Rjm=fst)E-iE' > 


(12) 


which is free from unphysical quantilies. It should be noted, however, 
that the accuracy of this inequality still depends on the determination 
of nucleon pole terms which must be added to Re/to obtain the real 
part of the aciual scattering amplitude. But it seems that it is not easy 
to go much further in this direction. 

We should like to devote the rest of this note to the study of the 

asymptotic behavior of the forward scattering amplitude making use 

of some remarkable properly of the function g(£) [5]. This is that g(£) 
does not take any value more than once in the upper half £ plane. We 
shall first demonstrate this property which is called univalenoe. For 
this purpose let us note that the function 


m 


, /(£)-/(0) 


(13) 


has the following properties; a) *(£) is regular for Im£> Oandconti¬ 
nuous for lm£i;0.b) lm*(£)>0whenlm£>0(thush(£)is the so cal¬ 
led Herglou function). c)*(i2). 2 real and positive, is purely imaginary. 
d)Ro*(£+») - -ReA(-£+iO)andImA(£+iO) = Im*(-£-t-i0) 
for real £. Thus, if we consider the mapping of the upper half £ plane 
by the function A(£). the image will lie in the upper half h plane. If 


I theory to study ill 














In general there is no guarantee from Held theory that the forward 
scattering amplitude is a regular univalent function of energy variable 
in the upper half E plane. However such univalent functions can be 
easily constructed from the scattering amplitude. One such function is 
g(£) defined by (S) which, in terms of A(£), can be written as 



where the path of integration lies entirely in the upper half E plane. 

One can easily check that 9(f) has the following properties; 
I) 9(£) is regular in Im £ > 0 and continuous in Im £ S 0.2) Im g(E) 
>0 if Im £ > 0, 3) 9'(£) * 0 everywhere in Im £ > 0, 4) Im 
9(-£+iO)-Im9(£+iO)andRe9(-£+iO) - -Re9(£+i0)forall 
real £. 5) for £ > p. Im 9(£-l- K)) is nonnegative and increases mono- 
tonically along the positive real £ axis, 6) Re 9(£+i0) is nonnegative 
and increases monotonically in the interval 0 £ £ $ p, and finally 
7) 9(ix) for real positive i is purely imaginary and iu magnitude 
increases monotonically as / increases. 

As is seen from the properly 2), 9(£) maps the upper half £ plane 
into a domain G located in the upper half g plane. We know from 3) 
that this mapping is locally one-loonc everywhere in the upper half 
£ plane. The mapping will be globally univalent if the boundary curve 
of C does not have double points (I I ]. Let us denote by £, and £i the 








From the dupersion relation (4) one can get a lower bound for the 
right-hand side of (15) which is independent of the value of the total 
cross secUon for £’>£.. Namely one can write 

Although the sum rule (15) (together with (17)) is not as good as (8), 
it has an advantage over (8) in that it is much less sensitive to the value 

Koebe’s theorem may also be used to examine the asymptotic be¬ 
havior of g(£) for very large £. However the best results are obtained 
if we make use of Ahlfors* distortion theorem (13). We shall mention 
some of the results without proof (Id). 

As was mentioned already, Re g(£) never becomes negative for 

real positive £. Thus Re«(£)/Ifflp(£) is also nonnegative for real 

positive £. Various cases can be considered depending on the asymp¬ 

totic value of tbit ratio. 

A. Suppose that we can find positive constants a and £g such that 


ReafE).., . 

a tan »a, 

lma(£) 


for all real positive £ greater than E„. Then g(£) has 


(18) 

the lower bound 


W£)iac(|j’* 

for all £ > £, where £, is tome constant greater than £o. 


(19) 










Reg<E) 

Im9(E) 


(20) 


for all £> £o. g(S) has the upper bound 

(21) 

for aU £>£,. 

If Rep(£) is bounded or grows nroch less rapidly tlran lmg(£) as 

find any positive a. In such a case we may chatacteriae in (18) the 

asymptotic behavior of Rep(£)/Imp(£) by a function «(£) which 


C. If p(£) satisfies 


(22) 

(23) 


for all £ > £,. Here •/ is greater than any positive number. 

D. If glE) satUfies 

. a > 1 (24) 

lmg(£) (InEr 


£>£„.9(£) is bounded 
Re»(£)-0. 









(26) 


Real pan of forward scattering angditude 
for all £ > £o. g{E) has the lower bound 

WE)ul*>ng)+consun. 

for all £>£„. 

£. If »(£) satisfies 

Rco(£)ii' (27) 

for all £ > £o, then for sufficiently large £ we get 


The method i 
to the followin 
C. Suppose I 


,p(£„.f.n(£). 
sed to obtain (26) and (28) can be easily generalized 
e find V (> 1) such that 

— a. £>£,. (29) 


R«»(E) 

t<Im »(£))•-' 


‘•or 




(30) 

(31) 

(32) 


To discuss physical implication of these results, we shall now assume 
that the scattering amplitude/(£) satisfies the Froissart bound 

|/(£)| S C|£|(ln |£|)’ (33) 

for all energies £ greater than some £o. Then g(E) satisfies the bound 
lp(£)| S C(ln |£|)'. (34) 

The first thing to notice is that, if (34) is valid, the theorems given 



m the po»ible asymptotic behavior 

of the ratio Re j/Im g. For example one sees from (19) and (23) that, 

if Re p(£)/lm »(£) g C(to £)'*, 0 < a < I. for all £ > £„. then 
p(£) grows more rapidly than the right-hand side of (34). Thus such 

an asymptotic behavior of Re p/lm g must be excluded if (34) is valid. 

On the otiwr hand, if Re g(£)/Im g(£) S C(ln £)-, a > 1, for aU 
£ > £,, then |g(£)| is bounded by a constant as £ -• +<x>, as is seen 

from O. This would correspond to the case where the total cross section 

vanishes faster than l/ln £ as £ -* 4-00. If we exclude this case which 
does not seem to be of much physical interest, we find that there must 
be at least a sequence of points {£,), £, -♦ + ® as / -• 00. such that 
_C— Rej^) C pjj 

(ln£,)‘** lm9(£,)"‘(ln£0-' 

holds, where c and e’ are arbitrarily small positive numbers. (The upper 
bound of (35) can be replaced by C"/ln £, by more careful considera¬ 
tion.) Since g(£) is an integral of the scattering amplitude/(£). (35) 
will be satisfied for all £> £« if/(£) satisfies some smoothness 
requirement. Under the same assumptions, it will then bo shown that 
the ratio Re/(£)/lm/(£) of the scattering amplitude itself satisfies a 
relation similar to (35). 

However the most interesting consequences of the theorems A...H 
are obtained when we make the physical assumption that Rc/(£) has 
a definite sign beyond a certain large energy £,. For example, if 
Re/(£) S 0 for all real £ i £,. Re g(£) is mon 
for all £ 2 £, and thus 


Re«(£)S Re «(£,), 
0 (28) we therefore have 


£i£,. 


(36) 


|g(£)IS^Reg(£,)lnE-l-co 
for aU £> £,. This means that the toul cross 


(38) 

























SYSTEMATICS OF HADRONS II 
SUBNUCLEAR PHYSICS 
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to the Compton wave lengths of those constituents, and the strength 
of the forces can be arbitrarily adjusted. In other words, we have a 
model very similar to the atomic nuclei except for large binding 
energies. Theoretical Justification of such a hypothesis must await 

In a previous article [2], we have put forward such a model with the 



respectively. This has the advantage that the baryon states (the 56- 
dimensional represenution of SU(6)) may be realized with s-state 

The reasoning that has gone into the above stability problem is 
















Thuj Uie energy surface in the n, -n, plane has a valley running 
along the line C - n, -2nj - 0, and its level rises linearly with in- 


. However, it will be further necessary to make 


sure that the C - 0 stales are actually lower than their neighbors i 


for small n's. Namely 





The second triplet, therefore. 


be heavier than the first. 










too much heavier. This is because we have to maintain a balance 

Eq. (1) may be expressed in terms oT C and the haiyon number B 
if we make an appropriate assignment: B ^ x for /] and B - y for 
If Since the baryon ~ iitii, has A ~ I, we require Zxq-y - I. 
Possible choices given in ref. pj are 

(*.;-)-(i.i) 

or (0.1) (7) 

or (1,-1). 

The numbers n, and rii may be then expressed in terms of C and B as 


E(B. O - lK.C‘ + (2ilf, + «,-3K.)fl 

+ HA^i-in)-(2A^t + A/i-3n)Jf)C. (9) 
At this point we should add a reservation that the linear terms in 
the above mass formula are not as meaningful as the leading quadratic 
terms since the effects depending on spatial configurations, such as 
those due to the finite range character of the C-field and the exchange 
energy, can be of the same order as the former. 


particles as well in the picture. We make the basic assumption that a 

system consists of definite numbers of iii, lit, ti], fi] of , l|, r, and Ij. 
This means that »e regard pair erealloa and aanlhllalton as forbidden 
proeeiia, which is consistent with our basic non-rdativistic approach. 
The formula corresponding to Eq. (I) becomes 

£(rt„B„nj,if,) - (Af,-lK.)(n.+li,)+(Af,-2P.)(ii,+*J + 

+iK,C>. (10) 

C-rt,-»,-2(nr-ar). 









fact that a large number of unidentified meson resonances seem to 
exist in this energy range. Eq. (15) reduces then to the simple form 
- l;i,[-i,+S, + 2(»,+S,)l+}K.^ (17) 

It is rather surprising that such a naive picture as outs can yield non¬ 
trivial and qualitatively reasonable results. 

By way oT a remark, we note front Eq. (13) that 


^1 - in+lPi ~ IK. 
M 2 - JK.+ip, ~2y.-. 






results in 


- (20) 

where referj to Ihc n-lh panide, C, is lire quadratic Casimir 
operator of SU(3). and C,o - 4/3 is its value for a triplet representa¬ 
tion 0(1,0) or 0(0.1). In general Cj is given by 

C,(/../r) - K<? + <t'2+'l)+('i + 'i) (21) 

for a representation DOiJjh 

Note that the only dependence on the total number of constituents 
appears in the second term of Eq. (17). 








total eiKTB- (22) 

Bound states are characterized by Tg < 0, and the low lying stales 
by the smallesl value of Cj, namely C, - 0 for the singlet f)(0.0). 
For rite latter, £ is simply proportional to the total number N of 

and the baryon (A( — 3) ~ titzli (antisymmetriccombination). Their 












conventional strong inieracUon theory as far as the low lying states 
are concerned. 

The reason we consider the strong interaction as generally symmetry 
breaking is that the virtual exchange of 36 virtual mesons do not 
possess an $U(6) symmetric form. An ideal SU(6) symmetric inter* 
action would involve the 35 generators Xn 


y~ ±11^1 rfV.” - ± Y I 

(25) 






























LORENTZ COVARIANT SUPERMULTIPLET 
SCHEME FOR STRONG INTERACTIONS 






































3. WEAK AND ELECTROMAGNETIC INTERACTIONS 
We see that the spurions of the fomi (5) give a reasonable description 
of the symmetry breaking. In the following, we restrict ourselves to the 
momentum dependent spurions S which leave the U(6)-supcrmulli- 
plets undisturbed if inserted into the mass terms. 







venal weak- and elcctroinagnetic inleraclions on the basis of algebras 
generated by the components of lepton and hadron currents [16.17]. 
This method is based upon the assumption that the fundamental 
structure of these interactions is essentially determined by the physics 

We can. if we want, formulate the bask bate couplings expikitly 
in terms of quark fields d''* “ where a is the SU(3)-index. 

- - ^faD7.(l+7sM/:]i>'''+h.c.. (12) 

I. - in7.(1 +7s)e+i!'.7.(l +7,)p. (13) 

and 

rl-l((^.+Uj)cosfl+(2.+t2,)sin(»). (14) 

/l-i[(A,-l-Uj)-K24-l-U5)l. (15) 

The choice between Eqs. (14) and (IS) depends upon our model: the 
hadron analog of the Ut(4) algebra generated by the components of 
the lepton current may be obtained from the total hadron current 
(Eq. (14)) or separately from the strangeness-changing and non¬ 
changing parts of this current (Eq. (15)). The conesponding bare 
electromagnetic coupling can be written in the form 



In the real world, the bask interactions like (12) and (16) are 
modified by the strong couplings, for whkh we want to use our spurion 
scheme of broken U,(l2)-symmetry as a leading approximation. In 
Eqs. (12) and (16) the leptonk and the electromagnetic insertions 
transform Uke componenu of the representation 144 of U^I2). 
Correspondingly, we write tlie bate vertices for baryons and mesons 

(17) 
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arbitrary order. Let us consider only the baryon octet contained in the 
representation 364. Ail possible substitutions of 5-spurions can be 
reduced to those where iy.ll+ys) is replaced by 

liy •». i/.(I +75)1 - 2i»»«*-2».75. (18) 

{iy •». 17.(1 +7s)} - (1*) 

commutator just gives the second class currents. Restricting our* 
selves to the substitution (18), we obtain the vertex structure 


y«(p )*’"^(p){[i7.(l+7s)F(-«’)+ 

+(i<r.,«,-«.7.)C(-«')]'<lr. (20) 
where ? = p-p'. and A is given by Eq. (14) or (IS). Correspondingly, 
the electromagnetic vertex becomes 


e?'a.c(j>')»"''^()>) [(i7.F,(-«=)+hr.a«,f j( -«')) x 

Here the contribution from the anUcommulator (19) vanishes because 
of gauge invariance or time-reversal invariance. For the electromag¬ 
netic form factors of the nudeons we obtain then the expressions 

C?(-9')-(l+^)(F.(-9V^F.(-g’)). 

CM-,*) ■ 0. (22) 

cs.(-,*) - - jCM-,*) - (l+ ^)(±F.(-«’)+fi(-9’)) • 


The zeros of the form factors at 9* « -4rti* cannot be compensated 
by poles of Fx and Fj. because (?« and have different ^//-ratios, 
and at threshold wc have the requirement that Gj, — Gt/2m. For 
g* m 0. WC have F,(0) » I. and hence the magnetic moment of the 
proton is given by = l+2mF3(0). 

So far. the effect of meson couplings has not been considered ex- 




[».♦§<«)+ 

+».('+ ♦(«))'«] • (24) 


In this equation we have not restricted g‘ ti 
















lenns. This is because we are left with the lower symmetry U(3)8 U(3). 
Of special interest are reactions of the type ps-meson + baryon - 
ps-meson + baryon. Here we obtain, in the limit of foimal U,(12Hn- 
variance, the prediction of «ro polarization lor reactions like 18] 
K’+p-Ro+n. a'+p-K’+r-, 

K"+p-a*+I‘, K*+n-»K'+p. 

and also for 

K-+p-K^ + “. (2*> 

The same is true, of couise. for reactions which are related to those in 
Eqs. (27) and (28) through isospin invariance or SU(3)-invarianw 
for example, the processes K^+n -• K'+i” and K. +p -• K“+s“ 
are related to reaction (28) in this way. 

Let us write the amplitudes for ail these processes in the familiar 

u(p')[d(i.i)-iy'^’B(s.l)]«(j>). (29) 

Without momentum-spurions. we find Im (AB’) - 0 and B(s. /) — 
0 for reactions (27) and (28). respectively. We have four amplitudes 
which are given by 
Pzre»"‘'"(*'»)S/.(*.0+ 

+ Paac*""'')+(♦*)?•/i(».')) + 







Insertion of the spurion 5 in first order gives rise to eight additional 
terms; four terms result from the contraction of the spurion indices 
wHh those of the baryon tensors, and the remaining four involve 
also contractions with indices of the meson tensors. In all cases, 
we find that we can restrict ourselves to the term 

h-•(*+*') i8H (31) 

in the expansion (I) of the spurion S, other invariants being reducible. 
With the inclusion of the spurion terms, it is easy to see that polariza* 
tion effects become possible for the reactions (27). However, the only 
invariant which gives rise to a finite BK»cfficicnt in Eq. (29) for the 
process (28) is given by 

■ (*+*'« (32) 

Experimentally we know that the polarization of the S~ in the reaction 
(28) is lar^ over a wide range of angles plj. and this seems to be a 


Of special importance are the implications of the spurion-scheme 
for forward scattering amplitudes. It is easy to see in general that in 
this case the substitution of 5-spurions does not give rise to new am* 
plitudes [9]. Hence the relaUons [22] 

Fin*p)-Si,K’p) - nK'>p)-/tK'’p) 

- MJ^(K.»-fT(K-p)} (33) 

between the elastic forward scattering amplitudes aie preserved in 


also the predictions 











































CAUSALITY AND DISPERSION RELATIONS 
{A Dialogue on Claalcal Physics) 


R. HAGEDORN 
CBKN. Cemn 


I: Hallo, old boy! Slop dreaming and come down lo earth - remember 
me? 


/: Of course you don't. We studied physics together long ago. but 

after three years of learning I found the stuff too abstract and gave 

it up. Now I... 

P: Indeed, yes, I remember. Glad to see you again: you seem to be 
very well. What ate you doing? 

/: Inventing all sorts of things in which a little knowledge of physics 
helps me very much. It's a bobby which earns roe a good living. 
Just now I have made a really fantastic invention. Imagine. I am 
going to make sunglasses with which one can see in the dark. 
P: How's that? 

/: Very simple; so simple that I wonder why I am the first to think of 
it Probably because the other inventors do not know enough 
physics and because the physicists are not practical minded enough. 
That abstract thinking of yours does no good. 

Anyway, the idea is this; suppose you are in a dark room in which 
there is an electronic flash light - something of the sort used in 
your bubble chambers. The flash light will be operated at any time 
after you enter, but presently the room is absolutely dark. How¬ 
ever, if you Fourier-analyse the flash, it will contain all frequencies 






















Wait. You started from Fourier-analysing a flash of light. Now. 
Fourier-analysis applies to everything varying in time. Can you 
think of another eaampic? 

That is a good idea. Maybe my invention can be extended to other 







































some time after l„. 

P: Very good. Now let us formulate that mathematically. That the 
output is a linear functional of the input may be expressed by 
writing 

( 1 ) 

/: Quite. And 1 sec more. If Ht, r‘) expresses what the black box does, 
and if the black box must have no properties which change in time, 
then Hi, /') should depend only on the difference l—l'. 

P: And your last requirement? 

/: Well, with /(() - d(r-/o) we find 

t(l) - Ml-,,) 

and g(i) must be zero for r < t„ hence 

£(/-!,) .0 for / < to. (2) 


e, however, the relation to my problem. I started from 













R. Hagtdorn 


coQsidering what the black box does oa each single Foorier com* 
P: So why do you not Fourier-transform the equation 

(3) 

/: Good idea, t write the Fourier-tramform 

and find 

»(«>)-£(0;) /(oi). (3) 


This is very nice. A monochromatic input is simply mulu'plied by 
a number. If the box acts as a filter, then C(<uJ is icro except in the 



sunxHt my argument. 


P: You have not yet fully exploited causality - 1 mean the fact that 
Hl-O ■ 0 for l-l" < 0. You svill be surprized what this con- 



Am) - J * ”l.(r)e'~dr; Ux) ■ 0 for r < 0. 

Yes, I see: £((u) is an analytic function of oi and it is holoraorphic 
in the upper half plane, as only positive r contribute to the integral. 
You mean, this seriously limits the possibilities of t(afl 
Yes. And now let me use a little trick to obtain a more detailed 
description of this limiution; I should better say: another descrip¬ 
tion, because it is equivalent to £(») being holomorphic in the 
upper half plane. As I know you, you will not insist on mathema¬ 
tical subtlety and that makes it easy to explain the main points 
rather shortly. As £(<a) is holomorphic in the upper half plane. 











R. Hagcdorn 


F: Yes. you remember well, we obtain [P indicates principal value] 
[«. real]. 

Of course, this is no proof; our heuristic argument leads, however, 
to the correct formula. We now write the real and the imaginary 
parts separately: 

C((o) — Re £(w)*f i Im t{to) 




Now this pair of formulae - cal 
equivalent to ifr) ■ 0 for t < 0 
there are some #ne mathematical 


ailed dispersion relations - is fully 
0 and thus to causality. Of coutse. 
al points which we neglected. They 
uilation and proof of Titchmarsh's 


es (loosely speaking) that for a function C((a) 


(a) obeying dispersion relations 

(fi) having a Fourier-transfoim t<t) vanishing for r < 0 

(y) being holomorphic in the upper half plane 

are in fact only one single property expressed three times in dilfer- 


/: I start 












P-. Very well. Lei 


X+yi+alx -m (6) 

and consider/(t) as Ihe input and x(l) as the output. We lake the 
Fouriernransrorm of this equation; 

*(I) - ^JiCtoje-'-da) 

/(O - ^J/(n>)e—do.. 

That gives 



/: Let me try to continue. This function should be holomorphic in 
the upper-half plane. Indeed, it has only two poles at cu, and 

“i.a -with mi - >/o>J-h' (») 

and both lie in Ihe lower-half plane. This should then imply that 
the function L(t) is causal, i^ vanishes for t < 0. To show that 
we have to calculate the integral 

Mr) - - f " ,- 

2xJ., 


Now for T < 0 wc may displace the path from -oo to +oo by 
shifting it parallel to •fix. Since the integrand has no singularities 
in the upper-half plane the integral vanishes. 






P‘. Quite ao; but now discuss the explicit fottnl 
/: Hete it is; let us call it *o(0: 

ro for I > 0 

r<„,so. <"’> 

The oscillation starts at r - 0 with frequency taj and a damping 
constant iy and these two numbers are just (up to the sign) the 
















3ER PHANOMENOLOGISCHEN 
SYSTEM DER THEORETISCHEN 
PHYSIK 


W. HEISENBERG 



igischcr" Thcoric lc»nn man die Formulierung 
sn im Bcrekh der beobachteten physikalischcn 
. bci denen nichl versucht wird, den zu beschrei- 






ihrhunderudic Obcrlcgungen Faradays 
phinomcnologischc Thermodynamik, 
slemiische Zyklcn- und Epizyklen- 


; dieser phlnomcnologischen Theo- 





































[2] the Snal stole in e decay must be a linear combination of the states 
|XX> and |L2.>. The corresponding states in K decay will be denoted 
|Rfi> and |CC>. The eOects of charge conjugation Cand parity 2*are 


P|/fR> - |L£> 
C|*R> - |RR> 
CP1RR> - |tC>. 


on Hamiltonian (3] 
-g[»l(l+ayj).+**5(l-ar,)q 
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/> and Ihal the posaibilily of auch a measurement n assumed. 

The decay of t can be calculated similarly from the second term in 
Eq. (3). It suffices for present purposes, however, to apply directly 
the CPT theorem since we have no final state interactions. Since 
helkatics do not change under T we find that independent of our choice 
or H,„ 

WiU.) - IViRR) (5a) 

H'dJS) - (5b) 

Thus if a - +1 vre have a decay yielding only left-handed / and v 

corresponding to the a decay yielding right-handed / and i. Thererore 
noting Eqs. (lb) and (Ic) we see that there is a maximum violation of 

C invariance but no violation of CP invariance. Indeed it is clear from 

the CPT theorem that the observation of CP violation must be related 

to the observation of a 7 violating effect. 

To obtain maximal 7 and CP violation we replace Eq. (3) by 

+iys>+*“iKl+i73)G. (6) 

The final state for a decay it now given by 

|V',> - (|M>-i|£i»/V2 

and for f decay by 

l?,> - (IRJO-ilCO)/^! 

If we consider as basic slates (V,, f,) where |*’,> - {\RRy+ 
i|t£»/y(2, and similarly (V,, Pj) we have from Eqs. (1) 

/>|IP,> - -i|J',> 

CH-,) - ir.) 


Thus if we choose as a measure of P violation 

»'(r,)->»-(y,) 

we have />' — 1 and maximal P violation. Similarly ' 


(7«) 

I maximal 








Maximal CF violation 


CP violation nuastired by 


on. On the other ha 
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US to believe that leptons and neutrinos are priinarily cou|:ded in weak 
interactions in the Cf invariant manner of Eq. (3) a » 1. One 
cannot rule out a new class of interactions with a coupling weaker by 
a factor of at least 10 to 100 in which leptons and neutrinos are coupled 
as in Eq. (6). Suggestions of this sort have been discussed by Hilda {6] 
and Lotsoff [8) among others. It is also possible to imagine a neutral 
lepton current of the form (6) in which v b Evidence on strange 


particle decays and clastic neutrino scattering, however, seems to 
indicate that if weak neutral lepton currents exist they are coupled 
much more weakly than the usual charged currents. 






















































tally observed 
I to it through 
symmetry for Ih 
I and wHl not b 
calcuialion, is i 
> equally spaced 



























direction. We write, neglecting spin, for large separation of the two 

*(r.i) - J*di«(fc)e-“« [0'-+ |e“y(k.«)] e''-*". (1) 

The first term in Eq. (1) is the incident wave. We have inserted the 
factor e*^^ to imply that at i « 0 it is centered near Zq (a large 
negative number). The second term is the scattered wave which at 
r a 0 is presumably zero. The function/(A:, 0) is the scattering ampli- 


and lm/{Jk,0) - JtoT(*)/47t where dff„/dl3 is the clastic differential 
cross'section. and Of the total cros»>section. 

Our prindi^e may now be formulated as follows: if a(i(:) is such that 

j*e«<*-»m)d* _ finite 


(ana) 










Uni£/(fc.()d.<oo (6) 

wh«e / - 2*^(1 -cos 0), and», is a fixed momenliun tiansfcr. Eq. (6) 
U also in disagreement with experiment. 







One then usually says that they are a mixture. 

The purpose of the present note U to stress that these two acceptions 
of the word “mixture” do not really describe the same kind of situation 
and that therefore our language should distinguish them. 

2. A SIMPLE EXAMPLE 


Following Bohm [1 ]«we shall first consider a very simple example of a 
situation where two systems have interacted in the post. Let us imagine 










(TEapayitat 


lhal a spin zero molecule decays inlo two spin \ objects S and A with 
conservation of the total spin (we consider of course an ensemble of 
such molecules). After the decay has taken place the ensemble of large 
systems Z » 5+44 is a pure case described by the spin wave function: 

(I) 

whereuj andr, are the eigenrunctions of the spin component a, along 
the third axis of S and A respectively. From expression (I). statistical 
predictions concerning results of observations are easily derived. In 
particular one finds that (in accordance with intuition): 

a) the probability (statistical frequency) for observing <r,(S) « +1 
is 1 

the probability (statistical frequency) for observing 0,(5) ■* —i is i 

b) the probability (statistical frequency) for observing o,(S) — } 
and o.lA) = -i is i- 

c) the probability (statistical frequency) for observing <r,(S) - 1 
and a,(A) - i is 0. 

d) exactly the same results hold also with o, replaced by o,. 

If we focus for a monieni our attention on the predictions above that 
bear on system 5 alone, we immediately see that these same predictions 
would also hold if instead of (I) the mixture: 

l», for one half of all the systems 5 (2) 

lu. for the other half 
had been considered. 









Similarly if a system Sisin Z is pan of the ensemble described by 


Thus, if the ensemble of systems S is in a mist 
namely (2), the ensemble of systems Z is also in 


lB,n- for one half of all the 
W-Ut for the other half. 


e in the firsi 


(3) 


Now the predictions a), b), c) of (I) are also predictions of (3). Some 
of the predictions d) however, those that bear on correlations, ate 
incompatible with (3). For instance (3) predicts that the probability 
of ending - +i and - +i is i whereas (1) predicts 

If the systems 5 were objectively well described by a mixture in the 
first sense or “proper" (i.e. if half of them really had », — + J and 
half of them a, - —J) all the observable predictions that one can 
derive from this description by using the usual rules of quantum me¬ 
chanics should obviously be correct. This, as we have seen, is not the 
case. It is therefore not correct to say that each system Z has an ob¬ 

jective reality of its own which it an individual element of an ensemble 
described by (2) (nor of course by any other mixture in the first sense). 
The ensemble of systems S is on the other hand correctly described as a 
mixture in the second sense by definition. As a consequence the con¬ 
cepts of mixture in the first sense and of mixture in the second sense 
(or “improper" mixture) are not identical with each other. 


The general case can be treated in exaaly the same way as the e.xamplc 

above. Let 5 and /< be two systems tliat have interacted in the past. Von 

Neumann has shown that it is always possible to find two systems of 

orthonormal wave functions, iq and c, of the variables of S and A 






















imxture can also be described by means of the statistical operator: 

Af'- (II) 

or by the corresponding density matrix 

ML - «n|M» (12) 

which satisfies 

TrA/'-l. (13) 

The mean value W of an observable iff in the ensemble is again given 

by: 

a-Jw,<«,|«lii,>-Tr [«•«]. (14) 


Thus the density matrix formalism provides a 

interesting physical quantities such as mean vs 

where the systems ate in a mixture in the first st 


impact expression for 

cs, even in those cases 

se. The only difiercnce 


M ‘ * M \ (15) 


Q Let us now consider a mixture in the second sense. For that pur¬ 

pose we expand the wave fiinction of the large system Z considered 
above in terms of the eigenfunctions of any variable V of S as: 

*(x,... xj - r.«Ux,... x^4x,.,... xj (16) 


!#’> - Z- 


vari- 

,ofa 

(17) 

(U) 


.ejuiXO- 












I. Let now be an observable pertaining to S. Its mean value on S is: 
3 - - r„CiC„<nU/l|ii;><ei|0 

- r-clc„<i,;iR|u;> 

- Tr [</'«] (19) 

with (using this special basis for R) 

(20) 

The conclusion is that also in the case of a mixture in the second sense 


- the mixture of subsystems S-formula (13) holds, provided that A/' 
is defined by Eq. (20), which is independent of W thus defined 
satisfies moreover (13) and (15). This is in fact the reason why the 
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{l.i(,+f)/2£) » [v<££'l-'{{£+£').i(/+^')} 

in a covariant field theoiy. The complete interaction form is then 

(4) 

where I, it the lepton current. There arc no approximations here, and 



















We calculate some examples of F, as a concrete illustration of the 
preceding remarks. Write » 0 for iV > I. so that 

f <.{fi(0p(2)+S»(l>5-a)} 1 

+*{r-(IM(2)+I*(l);i(2)} + (l «2) 'Xo 

+f{r-(l)x:“(2)-£*(l)n2)} J 

[ o/v'2{S(l)o(2)-p(l)p(2)+H-(l)=-(2)-5"(l)£”(2)n 

+Mr“(iMa)+i'(i)^(2))+(i ~2) 'X. 

+<-{r‘(i)i*a)-i-0)r-(2)) J 

r-a{«l)na)+S'(l)S*(2)) ] 

. 1 -i{I‘(l)/l(2)+r-(I).i(2)} + (l «2) ‘x, 

L+c{r*(l)f(2)-I'’(l)£‘<2)} J 

where ‘jto » > scalar function (symmetric antisymmetric) in (space, 
spin) coordinates of baryon and antibaryon. It is normalized to unity 
and hence (o^+6*+c*) « 1, the phases all being real by charge con¬ 
jugation invariance: the relative signs of the (1 «>* 2) terms are fixed 
to satisfy the Pauli principle. Here n means anlineuiron. etc. and the 
relative signs within the {} are chosen to make An » —n under a 
standard convention [6]. 













S' S^. la a snnilar way we complete the tableau 
V.-. (p n, - 5-), -(5 P.S- - £•) 
V2K,: (I* 

van: (t* i». r- - -(I® Z-. ? - r*) 


- V2n[i -2*c<n/n)-«>'+c’xi- n/na o) 

This can be independent of b and c only if 

n - 0 . n - n (»> 

It is therefore not sufficient just to say loosely that <0 ■> proportional 
to isotopic spin: for when K - 0 there are two possible isotopic spins 
in the octets: 7(1 — I) and r(l 0). The distinction in Eq. (8) must 
be an explicit feature of CVC and should repeat itself for bosons; 

_ J_ rn(l)n(2)+p(l)p(2)-=«(l)S®(2)-o-(l)5-(2)] , , , 

’ aval +(i«a) i ’ 

we find 

<a-|f.|i)> - 0 (10) 

as expected. Any other form for i| would have yielded this result, but 
Eq. (9) is the only one for which Aif « -q. Although Eq. (10) is 
hardly accessible to experimental test, detailed measurement of 


[ d{/i(l)p(2)-A(l)S-{2)) + (l«2) 1 

+e{VJr-(i)n( 2 )-r®(i)p( 2 )-Via*(i)s®(a)_ ‘ 

-r*(i)5-(2)J 

[ d(X(l)n(2) + /((l)5®(2)} + (l«2) 1 

+e{I“(l)n(2)+V2S*(l)p(2)-I«(l)^(2) _ ' 

_ +Va:-(|)5-{2)J 

K"- - K»‘. K- - ^ C 
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where rf'+V - I. Then 

<K-lf.|K»-> - <K"*|f-lK*> 

- VJil-Adt{VJV.)-At‘{l-rjVJ] (12) 

leading again to Eq. (8) and CVC, if independence from d and r U 

1 . OTHER MATRIX ELEMENTS 

Now tiy the Fenni raatm elements for dS - +1 decays. Here the 
tableau corresponding to Eq. (6) is 

K,: (p-d.?--;i).-(;i-p.d-^s-) 

K-. (p-i».i"-5-).-(r"-p.S--"") (13) 

^K: (r-.=",I--.n).-(S"-.r,5-.l-) 

Then 

<a-|F-|K»> - 

- V2<*"|F-|K*> - {ad-y/2bt)K+{i‘e+^iid+l^^e)V. 
V^<q|F.|K*> - 3eF,-dF, 

Any systematic relations based on Eq. (14) must involve the coeffi¬ 
cients a through e and cannot be expressed exclusively as conditions 
on K, and K,. Furthermore, these conditions would be different for 
F, and for F.,.. „ so that no universal relation seems feasible. 

As an exam^e of a G~T matrix element, consider p* -• a” for 
N - 1. Write 

rd{n(l)p(2)-2»(l)I-(2)} I 

p* - 1 +ff{r-(l)/l(2)-£*(l)Ji(2)}-{l **2) ’rf (13) 

L-l-C(r-(l)r»{2)-l-E*(l)E<’(2)} J 

where '» » iyminctric runction <rf* the baryon and anti* 

boryon. The non-relativistic G-T operator in tenns of real and iso¬ 
topic spin operators is 

iMI)+ff(2)J[T(l)+t(2)l + iHl)-ir(2)][t(l)-t(2)]. (16) 

Only the second term in Eq. (16) can flip the spins necessary for 






associated charge operator is again equivalent to T. The covariant 
form under E ^ E‘ m (the “basic’' mass for all 0~ and 1 ~ mesons) 


*,}//. d?) 

This looks surprizingly like the CVC form but does not represent 
conserved pseudovector current. The arguments are special to those 
bosons with a, is 0. although all the terms for such bosons Tollow 
Eq. (17); and the factor (Af-t-m) obtained as normalization to the 
Dirac wave functions ^ and tk is larger than the value 2m appropriate 
to on interaction between elenientaty bosons. 

According to Eq. (17) the matrix elements for p’ -• a°. etc., follow 
by putting (d, B. O for one power of a, b, e in Eq. (7); ciz„ 
<n^\GT\p*'>~ <i|-|Crip»> - <p°\GT\k*> - <p-\Gr\n^ 

- y/2[AaV:-iBc+bC)V; + {bB+cOV;i, (18) 
This may be checked directly with Eqs. (5) and (IS), remembering to 
make appropriate corrections to the tableau of Eq. (6) in the case of 
axial vector interactions F,', etc. There is clearly no possibility for 

















first kind": 

(« - const). (3) 

As is well known, a conserved current J, is then definable (for the limit 
of vanishing electromagnetic field) by 



I.ajjdx.-Q (5) 
















(I), with (2) assumed valid for as well as Moieover, the gauge 
tnuufonnation (3) should leave 4, invarianl. Then, the change in¬ 
duced in (4) the £.-transfonnation is easily found to be 



The skew-symmetry of follows from (2). The current density 
may be attributed to an electric and magnetic polarization. ^4 is a 
3'S{»ce divergence and therefore does not change the total charge. 

For the scalar Held, there exists no 4-vector 4, obeying (2), and the 
dehnition (4) is then unique. But already for the Dirac spinor field 
(spin i), we may introduce 

/I, - -t I iP[r. . r J ^ (A - const.). (8) 

(in customary notation, writing out the derivatives of the spinors for 
clarity). Then, according to (7): 

(10) 

Not surprisingly, this is the polarization caused by a *‘Fauli magnetic 

Another instructive example is the (complex) ivrror field (o 
1,.... 4; ^^*4 » tfi'o • tl'X of We start from the Lagrangian 

A four-vector A,, obeying (2) and invariant under (3), ia 



(12) 















I here dearly distinguished 
tion with the gravitational 
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crational neulron bottle but is not necessarily relevant to its theoretical 
feasibility. 


Certainly an important further consideration is whether there is any 
way of actually enclosing a volume with a liquid helium film of the 
requisite ihicicness demanded by (7). One's first thought might be to 
employ the well-known phenomenon that any surface in contact with 
bulk liquid helium is covered with a thin film of the liquid [3], Un¬ 
fortunately observations on such films indicate that their thickness at 
a few centimeters above the bulk liquid is only of the order of one- 


























pliludes involving such stales were first derived by Blalt and Weiss- 
kopr[I], and by Wallace [2]. Innumerable applications of these tech¬ 
niques to a wide variety of problems in nuclear spectroscopy have been 
made in the past fifieen years. Chie of the earliest and most significant 
results was the Weisskopf estimate [3] of the one-partide transition 
amplitude for mullipole radiation of arbitrary rank and parity. 

The original derivations of the mullipole fields and moments are 
rather lengthy and depend on a number of special devices [4]. In this 
note we wish to show that a fairly concise and straightforward develop¬ 
ment is possible if one uses the notion of helidty states introduced by 
Jacob and Wick [5.6). Needless to say. we have no new results to 













lolal angular momcnlum of the system [7J. The matrix elemenu of U 

oL'm^<MUiR)\My. (2) 

In ihe sequel we shAll only require the i)>matrices with y « 0. For 



the ;-direction. This state is already an eigenstate of^ with eigenvalue 
2. Because of this the decomposition of (ibf ; Xy into angular momen¬ 
tum eigenstates \k;Jmy only contains terms with m « 2: 

(5) 

A one-photon state of helicity X propagating in the direction IE can be 
obtained from |M: d> by the rotation U(k). te.. 1*; - £/(t)|*l; A>. 

(Recall that the helicity is a pseudoscalar.) When we apply this rotation 
to (S) and use (2) vre obuin 

It; A> - I It: jm>Di.(£)<*; J2|M: 2>. 













Ktfft Gottfrkd 


We may now extract the sou^t-after angular fflomentum eigenstate 
with the help of the orthogonality relation (3): 

- m+ 1)/4«]‘J diJDi,(t)’|t; ^). (6) 

This sutc obviously has helicity .1, and we have thcrefoic inserted this 
quantum number into the ket symbol. In writing (6) we have adjusted 
<,k:Ji\kt; X> to conform with the normalimUon convenUons 

<t:-l|»';i'>-du.d(k-f). (7) 

<k;;Fn;i|k':J'm'il'> (*) 

The amplitude for finding a photon of linear momentum k in a state 
having specified total angular momentum quantum numbers is there^ 
fore 


We can now construct an espression for the vector potential in tenns 
of operators that destroy and create the helicity states \k;jmiy We 


is a circular polarieation unit vector. 

We can dehnc operators that create the states \k\JmX') when 

these are inserted into (10) we obtain the desired expression for the 

“m?.*. ^■^7o* % 
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r) - 'DL(t). (12) 

The vector fields defined in this Issl equation are closely related to the 
vector spherical harmonics used by Blatt and Wcisskopr(l]. The 
transfomiation that takes us from (10) to (II) also provides us with 
the expansion of a plane electromagnetic wave in teims of spherical 
waves (see the alternative discussion in ref. I, p. 807, and the more 
closely related treatment of Rose [7). p. 137). 


Let us compute the amplitude for the process where a photon of 
momentum k and helicity 2 is emitted while the source undergoes the 
transiiiott |a> -• |i>. This amplitude is 

AUki) ~ - <li; *; 2| J A(r) •Ar)dV|<i: 0>. (13) 

where i(r) is the current density in the source system, and |o:0> is 
the product of the source state |a> and the electromagnetic vacuum 
state. Upon inserting the complete set of one-photon angular mo¬ 
mentum eigensutes into this matrix element, we find, 
r44*2) - 

- - lJ*fc'’dk'<t;2|k';)m2><h;t;)«2|Jd(r)-,/(r)d>rI<i:0>. 

The transfonnatioa function that appears here is given (9). With 
the help of (11) one easily reduces the remaining matrix element to an 
element referring only to the source operators and suiess One thereby 

AJm - - i^pr)^I<V + I)Dir(t)*<l>|7i-». (14) 

T;-J;(r)//-.(t.r)dV (15) 

£q. (14) pves the angular distribution of photons of helicity x emitted 





Rcnirning to (16) we conclude that 

/iUt.-0 


(18) 
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The reflection properly of the opcniiors Tji, is therefore 

PTi,p-‘ (19) 

The fact that 7% is transformed into is simply a consequence of 
the helicity being a pseudoscalar. 

When one deals with transitions between states of definite parity, it 
is convenient to have operators that transform into themselves 


The reflection character of these operators is given by 
PT^P-' - ±(-i)Jr^. 

By definition, the parity changes by (-1)^ in an electrii 



electric multipoles, and the remaining term with L -J contributes to 
the magnetic mullipoles. 

When the wavelength 1/fi is long compared to the dimension of the 
source one can approximate the spherical Bessel function by 


(2L+l)!r 


(23) 







Coit/Hed 


In this situation the electric multipole moment is dominated by the 
term with The Weisskopf estimates follow more or less 

directly from these remarks. 

Compact expressions for the multipole moments can be obtained 
when the long wavelength approximation (23) is vaHd (1,2]. We 6rsl 
carry out the t-inicgraiion in the manner already indicated, and find 

T* • 2(4a)*i**"^** * 1 / It 

*■ (2;-!)!!'2(?/-lX?;+I) 

X (24) 




or Uc, the integral in (25) U the electric multipole operator Qj, of 
Blatt and Weisskopf. The evaluation of the magnetic multipole 
moment requires the use of the identity 

LY„ - 

The long wavelength approximation to the magnetic multipole mo* 
TZ - 2(4a)* —-— * l/-!- X 

^ (?/+l)!! f WJ+W+l) 

xJr'JWf)V{rXi)dV. (26) 
















































e'^, and thii is 1 for the ground state m - 0. A typical nutria element 

<nil.»”|0> [± J“V>(y)e“'] 

--J“d*e-'’*n,cos2*[e“*+e-'T (5) 

- -a, cos Kart J*'d*e“”*”* - -2itd(»i. ±2)a, cos Ka. 

Thus the intensity of inelastic scattering is proportional to cos' Ka, 
and hence is out of phase in 9 with the elastic scattering (the large term 
of Eq. (2)1 in keeping with the Blair phase rule. 

The two degenerate nuclear states m - ±2 are excited with the 
same phase in d and the complete excited nuclear state is 

a a, cos Ka(e'‘*+e‘'‘*) - 2a, cos Kacm24>. 


«.(*) 
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of the two waves around the hueral edges of the nuclear surface is 
imponant in determining the relative phase of the excitation matrix 
elements. There is always one arbitrary over-all phase having no 
physical meaning, so we may make the product of the two waves 

If one takes two combs, for example, the spacing of the teeth being 
slightly greater in one than the other, and looks at a light background 
through both of them placed together, one may see alternate bands of 



light and dark, known as "beats". If the comb with the greater spacing 
("wavelength”) is moved slowly to the right, the beats move rapidly 
to the leA. Similarly, if * is horixontal to the right and k' upward to 
the tight at an angle as in Fig. 1, we consider at the lower edge of 




Inekutlc lattltriHg 









(11) 










































ON SYMMETRY TRANSFORMATIONS 























(3) 



In ducussing ihe corresponding ray C, the phase Tactor in front may 
be ignored. The ray may, therefore, be represented by a point on the 
surface of a sphere, with polar coordinates 0, ^ or, alternatively, 
cartesian coordinates: 

<i.-<CWO (/-1.2.3) (4) 

where the rr/s are the usual Pauli matrices. The correspondence is 

The expressions (3) and (4) are quite familiar to physicists; if (3) 
is a "spinor" the unit vector a gives the "direction of Ihe spin." They 
are also familiar in classical optics, where they ate used to descri*be 
the poiarieation states of a photon by a point on the "Poincari 

As is well known, a unitary transformation of |0 corresponds to a 
rotation of a; on the other hand, changing |0 to its complex conjugate 
corresponds to the transformation: 


i.e. a reflection in the “13" plane. More generally an anti-unitary 
transformation of |C) (a unitary transformation accompanied by 
complex conjugation) corresponds to a pseudo-rotation of the vector 
a. As is well known, the comxne of thest siatemtnts Is also true. 

An elementary calculation, surting from (3), shows that the arc- 
distance between the represenutive points of two rays, or in other 
words the angle between the corresponding two spin-directions, is 
equal to the ray-distance p, as defined in Eq. (2). 

For a two-dimensional vector-space, therefore, Wigner's theorem is 

the exact equivalent of the elementary geometrical proposition men- 

It is now easy to base the proof for the general case on the result just 

obtained. For convenience, let us state this result as follows. Let The a 







sionalhy. We begin by noticing that the idea of linear dependence 
applies to rays as well as to vectors. Obviously the statement that m 
unit vectors !«>, ve linearly dependent, remains true 

after each vector is multii^ied by an arbitrary phase factor. It is there¬ 
fore meaningful to say that the rays x, /S,.... C are linearly dependent. 

The rays corresponding to vectors of a twoKlimensional subspace 
spanned by two vectors |a> and will be said to form a linear sub* 
space /?(«. fi) of ray-space [6]. Any two distinct rays of the subspace 
will define the same subspace. 

If, in particular, we choose a and fitobe orthogonal to each other: 

W - 0 (7) 

then any ray y of the subspace satisfies the condition 

(»7)’+0!y)' - I (8) 

and conversely conditions (7) and (8) are sufikrient conditions [7] for 
linear dependence of 7 on s and fi. The corresponding rays /T, 7' 
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in a ray-transformation will obviously satisiy the same conditions. 
They will therefore be linearly dependent. This argument is easily 
extended to a linear combination of m orthonormal vectors, so that in 

conclusion our ray transformtaions map linear subspaces into subspaces 

of the same Jimensionalliy. 

Let now a ray transformation T be given in a vector space Jf, In 
the following: |C> -• |C'> indicates that |[> and |0 are representative 
unit vectors of corresponding rays: C' " without implying that 
their phases ate chosen in some particular way. We need not even 
assume that |0 and IO are unh vectors, but we shall always assume 
they have the same norm. Thus, if |C> belongs to Kp. fi): |0 - 
L|z>-l-|iU!l>, and 

l«> - |sO. I» - \r> 

we can wnte ^ ri«->+pV>. (9) 

From the conservation of inner products [8] one has: 

im - U'l: M - l/i'l. (9n) 

Notice that this is a weaker statement than Eq. (6) or (6a), but on 
the other hand it does not require a particular choice of phase for 
|sf> and |/r>> *nd it does not distinguish between linear and antilinear 

case. In Eq. (9), the phase of the coefficient i’ may be chosen arbitrari¬ 

ly, that of p’ is then determined by the ray transformation. 

We construct the semilinear vector transformation in Jf, corre¬ 
sponding to r as follows. We select, as one usually does, some unit 
vector |1> and determine once and for all in some arbitrary way the 

phase of the corresponding vector 11 ">. Then if |k> is any vector ortho¬ 
gonal to |1>. and |*> -. |*'>. the phase of I*-) may be fixed by the 
observation that T transforms the subspace R(l,*) into fid',*'): 
the result at the end of Section 2 indicates that the phase of |*'> can 
be chosen in such a way that for /!(1, *) -• Xfl', *') the transformation 
is described by a formula analogous to eitber (6) or (6a). 'This leaves 
the possibility open that the transformation be linear for some value 
of 1*>. antilinear for some other value. We shall see that this cannot 
happen. 

Consider a combination of three 


orthonormal vectors 
























path conlaincd in A(i. (t). This path is a “shortest path." in the seme 
that for any 7 not on the path one has the inequality: 

< f’n+f’t*- ('♦) 

The notion of geodesic are could also be introduced from a diRerential 
point of view, by noting that Eq. (2) defines in particular a Ricmannian 
metric dj' for infinitesimally close rays. Calculation shows that the 
finite distance, Eq. (2), is simply the integral 

(IS) 

calculated along the shortest path from a to ft. 



















(2) 














Shadow scattering by 


where ri, » the aoiphtude of the outgoing wave with angular 


In the absence of inelastic scattering, the real factor a, is equal to 
one; in the presence of such scattering, a, < 1. The contnhution of 
the partial wave / to the inelastic cross section is ($] 

(4) 

Now it is well known that electrons may cause excitation and ioni¬ 
zation of atoms even if they pass at large impact parameters b - XI, 
namely at h > a where a is the atomic radius. The reason for this is, of 
course, the very long range of the Coulomb interaction between ex- 

for very large /, for which S, is negligible. Therefore, for 


n, = <-,■ (6) 

These are typical conditions for shadow scattering. Moreover, since 
Oi < 1 up to very large I, this shadow scattering is concentrated at 
very small angles. 


electrons. We wnte 

where b is the impact parameter, g •« « 0. Only the component b 
in the numerator Tq of (7) contributes appreciably to the transition 
amplitude (7]; choosing h in the JT>direction, (7) becomes 



(9) 







Tbe transitioii amplitude from the initial atomic state 0 to the final 
state n is. apart from a factor of modulus 1, 

<»|T|0> - *-■ J* <ii|K|0>e'-dI (10) 

(II) 

Inicgralion over r gives in sufficient npprosinution 
<niri0>-.^<«|An0> if6<e/a> 

- 0 ir i > r/o. (12) 

The probability of all inelastic transitions is then 

l-ai-I KniriOl' - (^)’I<"W>’. (13) 

For a given b, the condition (12)» a < pfb, permits only excited states 
up to a certain energy. However, the matrix element <n|ir|0> is very 
small for high excitation, therefore the sum in (13) may be extended 
over all states n and evaluated by closure. 

I <n| W - <0|JC’|0> - K0|*’|0> 

-K0IIrf+IIf,-rj|0> (14) 

assuming that the ground state is isotropic. Neglectbg the correlation 
r, ■ Tj, and assuming that the state of the atom can be described by 
electron orbitals, we have 

(13) 







Fonunatety, the inelastic effect for 6 < a is relatively unimportant 
because there the phase shil\ is expected to be larger than 1 —Aj. The 
WKB approximation gives 

6, - (*!>)-( 20 ) 

where b - il and K(r) is the potential. Roughly, (20) gives 










Hi! 




(21) 


where Z^f) is the “effective nuclear charge for the potential" used by 
Hartree. If the "atomic radius" is dchned as r,, the radius of the 
outermost shell, we expect approximately 

- U. (22) 

where r, is the number of electrons in this shell. Then 

HI ~ ka) * r,/2*<t. (23) 

On the other hand, if we Uke only the term e - I in (17); {i.e.. only 
the outermost shell), then 

l-o(/-ta)*i^-^<a(*a) (24) 

*no>l. (25) 

Thus for h < a, the phase shiA dominates, while for 6 > a, it goes 
rapidly to «ro. We may then write (2) in the form 

/-/.+/j+/s (26) 

' I (21 +1) sin i,e“'f ^cos fl) (26a) 

/r - (l/2t)|(l-<i,X2l+l)PXcos9) (26b) 

/s - (1/2*) Z (2(+1X1 9). (26c) 

(26a) is the usual elastic scattering without absorption, (26b) is the 
effect due to distant collisions, and (26c) that due to close 
We shall show that /, is unimportant, 
insert (17) into (26b). Since ka ■ /, > 1, we may neglect 
d with / and replace the sum by an integral, thus [8] 


on 





(c) Xi < I. In this case, we may replace Jo{x) by 1, i.i 
constant, forward cross section. 
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which amounis to adding i to (31) and to the log in (32). Thiu/, is 
indeed not very important. However, if (23) is small (Bom approxima¬ 
tion good), then the right hand side of (34) is a good estimate of — jf,. 
We shall now investigate the importmet of this “atomic shadow 
scattering”. For this purpose, we consider the imaginary part of the 
forward scattering amplitude which is given by the optical theorem 
lm/(0) - («:/4a)<r„. (35) 

We shall therefore compare the total cross sections for elastic and 
inelastic scattering. 

The total inelastic scattering cross section is from (4). (17). (18) 
and (33) 



-^C(ln2ha + 1). (36) 

Inserting Cfrom (17). and replacing n inside the In by r„ as we should 
accotding to (18), (19), we gel 

».«.,« « I i.fJdtt (37) 

The total elastic scattering is somewhat more diRicult. In the Bom 
approximation, we have the welt-known formula [9] 

do - ^ (38) 

where the form factor is given by 

iXg) - fp(f)?^dt. (39) 

J qr 

With our assumption of separate electron shells x, we have approxi* 






estimiites (38), bul probably not greatly. Then the integral in (38) can 
be evaluated and we get 

Tlte outermost electrons (a - l.r, <■ a) give the main contribution, 
both here and in (37). 

For any given t, or given impact parameter b — 37, the Bom approx¬ 
imation is fairly good as long as the phase shiO is less than one. Ac¬ 
cording to (21). this means for a given h 

Z^b) m l,F((.) < ka,. (42) 

For (41) to be a good approximation, it is necessary that (42) be fuliil- 
tedforb - r, - o; then thecontrtbutionoftheoutermostshell.a - I, 
to (41) is correctly given, and those of the inner shells are small by 
comparison. Therefore we must have 

Z^a) < ka,. (42a) 

If (42a) is not fulfilled, a rough approximation is obtained by the 
assumption that all phase shifts up to / - ka are large; then sin’ i is 
on the average ) for I < ka, and we obtain 

Oh » 2an’. (43) 

This includes the shadow scattering due to the elastic collisions. An 
alternative criterion for the Bom approximation is that (41) should be 
less than (43) which requires 

ka, > e, (44) 

a condition very similar to (42a). 

Takingjusttheshelloflargest radius,! — I, in (41) and (37), we get 

(In2*a-l-i). (45) 




























































of simple phenomenologiail con- 
ds [10], and the conclusion is that 

(IIJ. 

oflcrs the extremely interesting 



















Mode Energy dependence of matrix element 

0 £j{£5(£- -£♦)+£’.(£„-£-)+£-(£.-£.)} 

2 E,(£^-£.)~£,x 

where X - £♦-£-. y - £o-Jm,. The mode 0 mairix eleineni is 
anlisymnKlrical between the three pions. Neither mode 0 nor mode 2 
give rise to the decay i| -• 3a' [IS], 

Another ij decay mode is ij -• n'x'y. In this decay C violating 
interactions can interfere, but they would suffer quite strong angular 
momentum barrier effects. Moreover, the C violating modes are sup¬ 
pressed by an extra factor g as compared to the main electromagnetic 

X° tiecay. As the X° has the same quantum numbers as the q. 

everything said above is applicable to AT' decay also. Thus the 3a mode 

(not observed yet) is of particular interest, especially because barrier 
effects should be less important. Here we have the drawback of a 
competing strong process, namely X' -• qaa. The decay X° -♦ qaa 
is G parity conserving and any interfering C violation must break iso¬ 
spin also. Thus this decay is suitable for detection of C violating inter¬ 
actions with Al — 1. 

p decay I16J. p° -• qa' is forbidden if C is conserved, p^ -* qn* 
may proceed through C violation or (electromagnetkally) / spin 












In the rollowi 
merely note the 1 










(PP) - i{(NN)+(Nt,N)}. 
































































































evidence for the charge independence of nuclear forces. 
;iry were perfect, the ground state of each of the oiv 
luld be associated with a definite representation deter- 
Z and the fact that its hyperonic charge is y - (fV+Z) 
spin I = i(W-Z). The dimensionality of the repre- 


iHiV.Z) - (1 + iV-Z)(l+1V+2Z)(1+Af+JZ) 







































field is expressible by two complex Tunctions of frequency and wave 
number p]. They are the dielectric constant and the magnetic permc- 
ability. We shall study only the former in dependence on the frequency 
for infinite wavelength. Althou^ there is some simplification in the 

it is highly non-uniform. In particular the limits volume -• x and 
frequency 0 do not commute with each other and with the various 



say to compensate the harmonic effects of the field. Finally the particle 
is subjected to an arbitrary external electric field £(/). Thus the system 
is characierued (in appropriate units) by a Lagrangian 












he problem. It consists of an electron 















b.. «,I - 

[«.. 9,1 - H.. <1,1 - IWJ:). *,(^')I - [^.W*,lx')l - 0. (2) 

l9.. «,(*’)! - W..«,(*')l - [9.. ^,(* )1 - l9.. ^,W1 - 0. (3) 



Fourier decomporilion of The oquatioiu of motion originating 
from (I) arc linear equation, with constant coefficients end can be 
solved immediately. If we indicate the Fourier transform of the various 
quantities by replacing the argument a: by fc and , by or the Euler 
equations of (I) arc 

«.) - e(*),.(«>) (4) 

(«,J-o,’)9» - I «<=M<=)+«£(«>)- 

We shall be interested in solutions of these equations satisfying certain 
initial conditions. In particular we shall express all operators in terms 
of the field * for : —eo 0'* and go to infinite volunte so that all 

A'-values become allowed. Then (4) becomes (♦'"(!:. to) ~ S(k^ -<o"). 

D(o>')9{«<)»(<<*J-<»')9(«>)-/<i’<<j^|^9(«) (5) 

-Jd>lke(*)*'"((i)+e£(<c). 

The fhnciion D »lUl depends on our choice of the cul^ofT function e. 
For c^(Jk) - for instance wc have 

If A/><» we have 







(KO -|d>t{/4*)^«(ik.()+/.(*y.’(fc.O) 

is the positive and native frequency part of respectively. 
The wave matrix O and the wave function / are given by 


unitary and / is normalized and orthogonal ** 
o:o,-i-A/t 
/,0J -fl,/, -0. 





Qumtum theory of eteetrie comhtctMty 


and the phonon stales are created by applying onto )o >. They are 
eigenstates of the Hamiltonian for £ ■ — oo. The electron U not 
represented by independent variables. 

AAer these preliminaries we arc in the position to deduce the con¬ 
ductivity directly from (8). Since has vanishing expectation value 
for sutes with a definite number of phonons or a thermal distribution 
of them we get for the electron current in these cases 

W) ~ »<4.(')> = J di'»<>-<■)£«') (U) 


advanced Green-functions and calculatingo with |out>stat6s a(a>) goes 
over into —o(—m) and thus a(0) changes sign. 

J. THE IMPURITY MODEL 

In this case the dynamical variables are just the electron coordinates g. 
As potential we lake (attractive) separable potentials at positions « 

►'(*. *')--! A.p(|*-.|)/.(|x-.l). (16) 

a nonlinear functional of £ but we restrict ourselves 


’<7>willbe. 












Quantum 


for w to ibe lower half plane a given by (18) may not be the analytic 
continuation of 9 from the upper half i^ne. In this case <r(oi) «* 
—a(—tt>) is no longer true for the analytically continued function and 
we may have ff(0) 0. If (19) holds we find 

ff(0) - -j«"<7lP.«'(Wo-£,)P.lr>- (22) 
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- CX!. (“) 

+co$s,)] •n«n‘'.».»in<';v 

c ( k ) - R-’M-Karclg^/K]. 

The next quantity we need for calculating o U (for A ao) 

/(«) - Jl«(E-£,Kylp.(H,-£,+«.)-pJy> 

(p'+e'Xj.'^+s’j) ■(p'+k»Xp'’+*") 

with 

k' » ic’-2oi, 

in the limit q -* 0. 

The sum rule (19) implies 

/(0)-lZ^£-£,) (31) 

I B,i(E-E,) - i (f(+a>)+f(-a,)-7f(0)). (32) 

Since the general evaluation of M is impossible we specialize now to 
one lyi^l situation. We take the a's again to form a cubic lattice 
but let the V* ^ distributed in some manner. Thus the bound state 

of a single separable potential will be spread out into an impurity band 

and we shall work out the conductivity in this band. For this purpose 

we decompose M~* into a diagonally part - ^«-((iy^-C(*c)) 







Qmmfum theory of ekctrk eorutoaitUy 


\ a nondiagona) part K and expand in 


• 1 ^, 

Here always means sum over the next neighbours. sum over 
the second neighbours, etc. Our expansion is esscntiaJly an expansion 
in e'*. more exactly it makes sense in a tight binding situation if the 
il. are distributed such that 

^-.1.1 K--1.SJ 


(35) 











I (2*)* (j>*+ic'rt|i'’ + ic')' 64*^|x|-|*'l 

ut that the contribution of lowest order in e"' a 




(^/kKk-k,). TliU U done if wi 


ciR) - c(»c) + ^ 


ic(A) being the eigenvalue of the separable potentials with strength X. 
This gives us finally 






(«) 


Thus if we want o in a certain energy region AS, e.g. o, we 

have to sum in (30) over those a where 3. produces a state in and 
of all neighbours of these a. We shall assume that the 3's are concen¬ 
trated around an average value Xq according to a distribution 




There is just one complication owing to condition PS) outside of 
which our expansion is useless. It requires M ,—i i with 
i ~ c‘". Thus we cannot take 3.*, independent of 3, but have to take 





Qmmtum theory of ekctrk contkctiolty 


Instead of J*. With the distribution (41) the integrals in (40) 
arc dementary and we identify a as the coefficient of the ^'function 
on inserting (40) into (32) 

- 0 for < i. 

Here again the value of^ ia such that *(<!,) corresponds lo the energy 
of the state for which w» calculate a. Because ofeitu) - a'(-m') for 
u • 0 e win be real, Im o being ~ i». Owing to our limitation (35) 
sre got 0(0) - 0. However, in the tight binding limit d can be made 
arhhrarily smoU and thus our result is* 


, 3 .V»*2y(3.-3,) 


(43) 


The significance of the various factors in (43) is the following. Since 
we piu the lattice constant - I or k - (Distance between atoms/ 
























THE MORAL ASPECT OF 
QUANTUM MECHANICS 


M. NAUENBERG 


The ootion of morality appears to have been introduced into quantum 
theory by Wigner. as reported by Goldbcrger and Watson [1]. The 
question at issue is the famous “reduction of the wave packet". There 
are, ultimately, no mechanical arguments for this process, and the 
arguments that arc actually used may well be called moral. This is a 
popular account of the subject. Very practical people not interested in 
logical questions should not read it. It is a pleasure for us to dedicate 
the paper to Professor Weisskopf, for whom intense interest in the 
latest developmenu of detail has not dulled concern with fundamentals. 

Suppose that some quantity F is measured on a quantum mechani- 

measurement, the system must be in an eigenstate of Fwith eigenvalue 
/. In general, the measurement will be "incomplete". Le.. there will 


latter does not suffice to specify completely the state resulting from 
the measurement. Let the relevant set of eigenstates be denoted by 
The extra index g may be regarded as the eigenvalue of a second 
observable G that commutes with F and so can be measured at the 
same time. Given that / is observed for F. the relative probabilities 

of observing various g in a simultaneous measurement of fr are given 

by the squares of the moduli of the inner products 

where tk is the initial state of the system. Let us now make the plausible 
assumption that these relative probabilities would be the same if G 
























reading is zero, the initial state of I + H is 

The state of 1+11 immediately alter r > 0 can be obtained by solving 
the Schrddinger equation. In this only the interaction term in the 
Hamiitoniao is significant, because of iu impulsive character. The 
resulting state is (5] 

when /» an eigenvalue or f, 0/, a comsponding eigenfunction, and 
g any extra index needed to enumerate then eigenfunctions. If now 
an observer reads the pointer on the instrument, and finds a particular 
value /, and 1/ thb measurement af the pointer reading Is moral, then 
the state reduces to 

NZ*//RX*/.. ♦>>«?-/)• 

The part nferring to system I alone. 

is precisely the result of applying the moral process to I direaly. alter 
the measurement of the quantity F.Sowe have here a dynamical model 



























different values of /and /'; it becomes 

Thus observation, even when all possible results are averaged over, 
is a dynamical interference with the system which may alter the 

Now although we would not wish to cast doubt on the pracileal 
adequacy of macroscopic momlity, it is clear that if we leave it un- 
analyzcd the theory can at best be described as a phenomenological 
makeshift. The fact already stressed that observation implies a dynam¬ 
ical interference, together with the belief that instruments aAcr 
ail are no more than large assemblies of atoms, and that they interact 
with the rest of the world largely through the well-known electromag¬ 
netic interaction, seems to make this a distinctly uncomfortable 
level at which to replace analysis by aaioms. The only possibility of 
nmher analysis olTered by quantum mechanics is to incorporate still 
more of the world into the quantum mechanical system. I-fU-f-IIl-l- 
etc. Especially from the theorist's point of view such a development 
is very pertinent. For him the experiment may be said to start with 
the printed proposal and to end with the issue of the report. For him 
the laboratory, the experimenter, the administration, and the editorial 
staff of the Physical Review, are all just part of the instrumentation. 
The incorporation of (presumably) conscious experimenters and 
editors into the equipment raises a very intriguing question. For they 
know the results before the theorist reads the report, and the question 
is whether their knowledge is incompatible with the sort of inter¬ 
ference phenomena discussed above. If the interference is destroyed. 










































S AND HAMILTONIANS 
lAGNETIC FIELDS 


IMIR 





H. B. G. Casimir 


More generally for a system of conductors 
and the charge on the conductor is 

e.-Ec_K.. 


Then 


(su)y - iZic^y.y. 

- 1Z ic- K K+ Z C« r.sv,. 
iQ. - Z^c_K.+j;c„4>'. -0 


liU)t - 

2. For a iysicm of amenu in closed linear conductors we have 
In this case 

- iL^im 

is the magnetic flux through the ring. We have now 
(dtOi - 

For supaiconducting rings we have » 0. Therefore is the 





















Ihc energy per unit length of the empty coil ii 


and the energy of coil plus rod at the same current 

iH'M-n). 



But at constant flux 

{H-k-iHy.A-a) > HA 
and 

dU - HH + lH')‘(A-a)-H‘ ■ d)/8a ~ i H> • a. 


It/-thinly disguised 1 














































vtty general premise of the statistical model that all open channels 
should contribute with equal probabilities and with random relative 
[diases, independent of more detailed dynamical questions of specific 
energy or angle variation of the cross sections. 

We consider two-body reactions involving incident meson or photon 

meson + baryon -• meson + baryon (1) 

photon+baryon-• meson+baiyon. <2) 

These reactions can proceed through many channels with different 








































s. and |8'>, respectively. 


to which we assign the meson and nucleon octets 
we form the linear combinations 

8,> - cosa|8>-sina|8'> 

8,>-sin«18> +COS Otis'). 

The rotation angle ot is defined by the condition of orthogonality 
<8|l«j> - 0 

and a - 0 if the additional symmetry of R invariance [4.5.81 is 
invoked. Whereas the consequences of R symmetry are unwelcome 
at low energies [9] it is possible that R may emerge as an approximate 
symmetry operation at high energies. If the special relations between 
cross sections that are independent of a are verified by experiment and 



Table 111 > gives (he ratios for a n* +proton to form a meson 8 + 
baryon 10. 

Table IV-gives the ratios for a x~+proton to form a meson 8-t- 
baryon 10. 

Tables V and VI - gives the corresponding ratios for photons in¬ 
cident on proton. 


**P-x*P i 

i 




Table II 


-♦b'N Ti^+^«ta^2»+^«in4a 

-K*r- 

-KV 

-• K°yl° T*l^+3^rin'2*-f^«in4« 

-ifN ■^-M,»m‘2cL-ii«nAa 
2[.-p->«»N]-[ »- p-.«-P] 

2[*-p-K“n-[* P-K-r-] 

[b-p -> ..-p]+[«-p ^dNIh-Cb - P -> IC°I»] _ , 

[b-P - b»N] + [b-P K”/i»]+[B-p K*r-] 

[B-p->K°4^-[»-P-.l^^l] 
[B-P-B-p]-[B-P-.K-n 
Table 111 

b"P-.b*NJ*(I238) a 
-B»Nr‘ A 

-K^vrdJM) A 
-iNl** H 

Table IV 

b-P^b’N;- AA-A »in’2«+^isin4o. 

-•B°NJ° AA-TfT“'>’2“+^*'"^ 

A.-liT»to‘2.+fA»"'^ 

-K’y:- AA-iA»iB'2B+fA«n4» 

-K'YT” AA-TiT«"'2»+jA «■><*« 

2[B-p^K»Yn-[B-p^.-Nn _|A 

[B-p-.,Nn 

[»~P -• w^ Ni'] This is an exact result of SU, independent 

_ K*Y7“] * * of the statistical assumption (6], 



3[«-p- 

[»-p 


']-[»■ 


yP-.**N ^+-ifrsla‘2a-2i^an*x 

-*«”P 

-K*r" iW-^s«.*2«+2A*i«4, 
-•K^yl '^+T|,r>>n’2a- ^ 

-IP tW-A»in’2« 

2[y^ K "2°]-[irP-^K°r*] 

2t,P-,•?]-[,p-,,*N] 

3[ rP ^ «'’P]-[tP ^ KM]+2[7P ^ dP] _ „ 
2(,P-.*'>P]-[,P-it"N] ^ 

[lP_r K°2*]+[y P ^ .."Pl+tyP ^ K*/l] j 
[yP-.K»r>]+[7P-n*N]+[rP-,P] " 
[7P-^»‘‘P3-[7P-K*n j 
[7P-K"^]-[7 P-.iiP] 


Table VI 


7P 



■t-N}** 

k*y;° 

k”y:* 

■iNr 


A+tjt 2« + A »i» ^ 

TriB+ifr 2B+2f^ sin 4i 
T^nr+iV*'"’2ii+^ sin 4» 
TTB+Thf sin 4« 

sin‘2a+sin 4z 


2[7P-K^Nn-[TP-»X^] 

[7P-K'>Yr*]-2[7P-.K*Yr] 








Lorentz transform (boost) super* 
in general not a unique procedure. 











itf^epresentation, that is, the totally symmetric structure of the 

(2) The bilinear baryon charge and current densities which enter 
in the vertices have the structure of 143, in the sense of SU<6.6). 

(3) Beyond this, onty ihe usual requirements of Lorentz invariance 
and SU(3) are made. 

Thus only a partial SU((>,6) structure is imposed, namely with re¬ 
gard to the baryon densities |8]. It is not asked that the mesons (as 
they enter in the BBM vertices) are in the 143 of SU(6,6), much less 
that the strong vertex is an SU(6,6) scalar. It is required though that 

the vertex is a Lorentz covariant SU(3) scalar. (Questions of break¬ 

down of SU(3) lie beyond the scope of this note.) It is not asked that 
the electromagnetic baryon vertex behaves as 143 with respect to SU 

(6.6), but only as 8 with respect to SU(3): and similarly for semilep- 

Under these conditions the good results to order q are maintained. 
It must now further be asked if this partial SU(6.6) structure has 
consequences to order and up. The following will be shown. 

(A) For pseudoscalar and/or pseudovector coufdings 

for all (I.l) 


(B) Let be tbe churge form factor for any member of the 

baryon octet. f,,(0) = fi the charge of that baryon. Then 

/or «//«>. (1.2) 

This applies also the (I*)4)-tran8ition form factor (where Q - 0, of 






















pooent space. Depending on the nature of the indices we have a dif¬ 
ferent OManing for the adjoint. As usual, BJfp) - for all p. 

We define fij by taking the adjoint of Eq. (2.2) 

Ditf) - C«0)CJ{#). (2-3) 

Wl-)-(7*0 (»)?.):■ (2-4) 

Obscnc that we may read eqs. (2.2) and (2.4) as 

0’(#) - 0;(/)0'(0). C.(P) - B,WD:(,) (2.5) 

for any state I. 

in component space. Note the following properties: 

DS - 1 (2.6) 

OysO-Ts (2-7) 

Dy.C- -i(Tp)/m (2.8) 

Dt*(0)C - Vip) (2.9) 



«,(f) - (•(/). Mrt). 

s(p) - s(0)+ 

m(po+m) 


(2.10) 


From (X8, 9, 11) 


( 2 . 11 ) 









Dy.r^OjO - <i„p.cXr)lm. „ 

C be the chaije conjugation matrix, C~‘r,C — — 
is transpose. Then 

Cff-DC. ffC-'-C*'/). (2.13) 


In the chosen representation C may be ta 


One may multiply A/ by anything that is spin and unitary spin inde¬ 
pendent and still have Sll(6) structure (which always refers to 
p - 0). Deane 

"'ur(O) - y,y^M. (3.1) 


te (2.6-12): 


matrices introduced earlier [12]. 
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-Ml') ■ -fM') ■ <i,P. 


with four independent weight functions/r./i./r./r. These functions 
are constants on (but not off) the mass shell. ~4f(q) is the most general 
sray (13] the SU(3) meson multipleu can enter a vertex. Note that (I2J 

^(«)"’^(«). (3 5 ) 

if/r -/a. fr -/f «U «'• 


all q^. corresponds to SU(6,6) structure of 

(3.6) 

Likewise we go from the well known SU(6) form of the baryon 
states [14] to the enlarged form at zero momentum, as 

follows. (.4, B, C are SU(3) indices). 

r'>"'(0). [s*'u'(o))f'"+e"iAO);f'“ 

+8-ti'(0)35"], (3.7) 

= e^hS. 


As in Eq.(ZS),thc spin rraie labels are suppressed. Further see (2.14), 



which is the old [14] bordered by zeros. The spin ) wave functions 


The 


(3.9) 


tS" - iIf>l*(0)f);(0)X)r(0) 

« it over all permutations of «, f, y. Then 


(3.10) 



In paniculnr 

£-u>(0)- 1 [(l- ‘^)lr,c]''«'(p). (3.11) 

see Eqs. (2.7, 8, 13). Eq. (3.8) describes a totally symmetric boost. 
Instead of operating with three D't in (3.10) one could have taken some 
D’s and some J5'$. This gives rise to the non symmetric alternative 
boasts 115): they are not used here. 

4. VERTEX CTRUCrURE 

Consider the batyon octet part of the vertex 

m (4.1) 

where 4 - pi-p,..# is given by the general form (3.4), B by (3.10). 
SU(3) contractions reduce this to 

4(D + F)«uru |l+^j -^D-F-2T)S{ZiZ,uf]u-t- 

-i(2fl-27>IZjur’Z,u. (4.2) 

Z,-1-2^, uT ~ fiC-TC-'y,, 
with the SU(3)conventians 

DSuTu - uii^u + uurfi, 

FBufu - iiJ(.<rH - ouT);, (4.3) 

Tu^u - ui-tTguJ. 

In the second line of Eq. (4.2), {} denotes the Dirac trace. A bit of 
y-algcbra yields (dividing through by 6 and dropping the S and u 

Fc( 9‘) - -i (o+ ^(l+ y, . (4.4) 



Piwllal SUi6.t) 


i[r.F.<«')+<',.«.Fa(4')]«,. (♦•J) 

nr) - (f+t+ ^ (d+ y - f)) W)+ 

2mF,(,') - (d- 3 - y) fA<l^)+ 

(4.7) 

Define the corresponding Sachs type form factors 

F.II - F. - — Fj. Fm^~ — +Fj. (4.8) 

‘ 2m ’ “• 2m ' 

Then 

FM^) - (•+^)[/'<«’)- £5 

- in T - D 

I. CONCLUSIONS 

1) To order q, all four form factors in (3.4) are to be replaced by 
A«’) -A-P^)- Eqs. (4.4. 9. 10) then contain all the usual non rel¬ 
ativistic results regarding strong, electromagnetic and weak vertices. 
The one exception is the relation (9) - 5#/3. In order to get this re¬ 

lation it is suflicient to have the relations (3.S) for 4^ — —p' only [16]. 











3) The 


usual SU(6, 6) conclusions about electric and magnetic 
factors are found by inserting (3.6) in (4.9, 10). It may also be 
from (4.9. 10) that an alletnative (17] SU(6, 6) with/r 
/V - -f, is physicaUy distinguishable from the SU(6. 6) de- 
by (3.6). 

Consider the ftcouplings 

Jir,s,K. y.e,!' (5.1) 



~ pl+pf. These couplings are actually comprised in (3.4), 






Uu» note may help explain to a good fri 
1 graterully acknowledge nmncrous 
Beg and N. Cabibbo. 

REFERENCES 




























ENERGY REACTIONS 
ri NUCLEI 

OOLDHABER* 



GOLDHAl 










rapidly as the squared momentum transfer |r| exceeds (4.Sfm)~^, or 
0.002 (GeV)^. (The argument for this momentum transfer dependence 
is given in section 5. below.). Since this is a scale of momentum 
transfer much smaller than the typical scale for produaion reactions 
on a single nudeon [0.01-0.Q2(GeV)’]. it is reasonable to expect that 
M\ which is zero in the forward direction, will not become appre* 
ciable before the whole amplitude is cut off by the coherency require* 
meat. Therefore, coherent production of spin J mesons should obey the 
approximate selection rule 

(4) 

The requirement of small momentum transfer also gives a lower 
limit to the momentum of the incident beam X required for produc* 


Pxu.iK-miKJfl)”- (5») 

Here q it the (tmiUI) momeiilum innsrer to the nucleiu. Inserting the 
requirement q ~ R'' leads to an approximate threshold condition 
for coherent production. 

p,^threshold) * 2.5(m} - ml)R (5b) 









in the above examples lies in 
target of lithium-drifted german 





























Jl to order A ' «s 

Jt » .4a<.rjc‘* *|.-r*> + Zc,<.-rie‘* *-M'> + 

-JVc,<^V*-M'> (8) 

Here./t?') is the Fourier transrorm of the nucleon density distribution 
(/(O) - I). and/, and /, are the same quantities for protons alone and 
neutrons alone, respectively. The qualitative nature of these fonn fac¬ 
tors may be seen in the idealized case of a uniform nucleus with 
radius R. The form factor here is 

/(«’) - [sin q« - qR cos qR] (9) 

yielding a diffraction pattern which does fall rapidly as qR exceeds 










>ut predictions or absolute magnitude depend on 
luction on a single nucleon, and on the complex 
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creased as the experiments require a more detailed description. 

This approach enquires at most qualitatively into the actual me¬ 

chanism of the scattering; it should rather be looked upon as a method 
to isolate the essential points which must be correctly described by a 
dynamical model. While this method basically is very simjde, it should 
realistically include Coulomb efiects which normally necessitates the 
use of a computer. The purpose of this article is to show that there 
exists a model for iji of a strongly absorbed particle for which the large 
angle scattering amplitude can be obtained in a very simple closed form 
with Coulomb effects included. Further, the model is only the simplest 

of a large class of more general models for the fft for all of which 

the large angle scattering amplitude can be obtained to an excellent 
an^roximaiion and in a very simple form. 

Consider the partial wave expansion of the scattering amplitude 
/{$) of a spinless particle: 

/((»)-(I) 

It is well known Uiat the cbusical black disc diffraction approsi- 
malion without Coulomb forces gives an enact closed expression 
for the amplitude: 


f»t.(cos»)-Px..(cosfl) ^ 


Here, the cut-off angular momentum L is to be approximately iden¬ 
tified with centrifugal cut-off La kJL The corresponding approxi¬ 
mation for charged particles is generally referred to as the Blair 
model [Ik It differs from Eq. (2) by giving all /> i. their correct 
Coulomb phase shifts, le.. 


Ii.i “ «P {2i<ri) 


(3) 
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where the pelh of integration C is shown in Fig. I. The contour C 
a well behaved iK/) is then changed into an integral from -i-ioo 
-J+i«o plus contributions from the poles «. of i|(0 which are to 
right of —i it the complex / plane. The residues of these poles 
f.. Thus 

m - (2*)-'J*‘ 


i 




To visualize the importance of the various poles at a scattering 
angle B we recall that 


for 1/|/| <9<«-l/|/l (7) 


to a very good approximation. 

The contribution of a typical pole of Eq. (i) for an angle 9 will thus 
be characterized by 







_L -V* 

sinra, \(«,+i)«sin«; 

^exp(i[(..+iK»t-g)-t«])+«P(-i[(».+tX«-0)-i»]) 

^ i ( 2_(-«P (i[("t. + l)«-i«]} for Im ». > Oj 

l(».+i)>rrinfl/ Icxp for Im «. < oi 

and for lira !i.Kii-0)> 1. (8) 

Hie amplitude of a pole contribution is thus dominated by 
exp |Ima.|9}. Le.. the contributions from poles far from the real 
axis rapidly vanish when the scattering angle is increased. It is easily 
seen that this is so also for scattering anglcs-close to 180' for which the 
approximation (7) is invalid. We may therefore hope that the scatter* 
ing amplitude at larger angles is dominated only by the one or two 
poles closest to the real axis and by the integral term in Eq. (6). 

We now apply these results to the grey disc approximation ( 4 ). 
The Fermi distribution is an analytic function of / as required, with 
poles lying equidisuni on a line through L parallel to the imaginary 
axis (see Fig. I ]*. The exact positions and residues of these poles are 
a, - L+ix(i(2n + l); 

/I. - 0 exp a a exp (2i»(K+i|-l))e-"'^ (9) 

where « lakes on «U Integral values from -oo lo +oo and where 
IP, - arctg {2tui{lH-H)H2L+ D). We notice that all the residues are 
equal in the absence of Coulomb forces. The importance of the n"’ 
pole is. according to Eqs. (8) and (9), determined by 

exp(-i,p.-anfl|2« + l|} exp(-|2a + l|iM(9±ec)} 
for an <£..11 is clear that for afl(fl-9c)> I only the two poles neatest 
















The grey disc scattering amplitude from (4) is thus 
/od(« > 9c+<w)") » iiaa^esp {2i<KI«o + l|-l)> » 

X +e»'’*-(2«;-H) • (‘"J 

For pedagogical reasons we will from now on use the approsimale 
form (7) for the F, (cos B). Provided we avoid extreme backward 
angles larger than s-(as)" ‘ we can write Eq. (10) approximately in 
the very simple form 

/oi.(ffe+(»«)"' <B< a-(*«)'') = * 

x|2a, + l|* exp {2i<7(|a,+l|-l)} sin [(i+J)0+le.o-la+2w,]. 

CD 

The corresponding differentuU cross*scclion is 



= {sin'((E+J)fl+itp.-Ja)+sinh'(2iw>,)}e-'“* 

for »£+(««)■' < ® < »-(x«)'‘. (12) 

The characteristic features of the cross-section (12) are the following: 

a) the skin thickness a gives rise to an exponential over-all decrease 
of the cross-section with angle. 


b) Superimposed on this decrease are undamped regular oscillations 
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This reflects that a single pole in Eq. (10) becomes predominant. In 
the very large angle region beyond the oscillations recur a- 

gain and become suong, since the square of the only contributing 
complex Legendre function oscillates rapidly there. More specifically: 
in the one>poIe case the difTereniial cross-section has a maximum at 

180*: flirther, the angular distribution in terms of 0' - a-0 is given by 

ar (yo(«oO')l* + 

close to 180'. which is diffraction-like. 

c) In the special case we discuss here the modification of the cross- 
section by the Ciulomb forces is simply an additive term which de¬ 
creases exponentially with angle. This implies in particular that a strong 
Coulomb potential will cause a very considerable enhancement of the 

cross-section at all large angles, even though these angles are much 

larger than the classical deflection angle. 

The grey disc model we have discussed so far accounts qualita¬ 
tively. and is from previous computer calculations known to account 
quantitatively, for many aspects of elastic scattering with strong ab¬ 
sorption. It is manifestly unphyskal in so far that it entirely neglects 
the non-absorptivc contribution in the purely nuclear amplitude. 

which corresponds to a non-zero nuclear phase shiA. The nuclear phase 

shiA is therefore included in realistic models for if, (3,4]. From our 
point of view there are two specific consequences of the neglect of 
the nuclear phase shiA, namely that the two dominating poles are 
symmetrically placed with respect to the real axis and that their residues 
are equal in the absence of Coulomb forces. The introduction of a 
nuclear phase could therefore: 

i) lead to differing residitts for the poles. This would show up as 
an anomalous Coulomb effect in ihe large angle region, but would 
lead to no other qualitative changes. 

ii) shiA the position of the poles so that one will be closer to the 
real axis than the other. This leads to a qualitatively new effect: the 
contributions of the poles to the amplitude decrease exponentially 
at a different rate. After hiilial interference and oscillations at smaller 
angles, one of the poles begins to dominate. The amptilude of the os¬ 
cillations decreases and the cross-sections decrease nearly exponentially 











































7 ~ \r 0) 

obtained by imposing that the numerator iV,,(o>*) at the resonance 
pole shouJd be given essentially by the contribution of the nudeon 
pole and the left hand cut as follows: 

Equation (3) is slightly different from the one generally used in the 
Chcw'Low effxtive range formula 7 - f/* obtained by neglecting 
in Eq. (4) the crossed contribution of the resonance. Equation (3) is 
more satisfactory because is self consistent, from the point of view 










H'-l [►'."*(*)+ »'*■'(*)+ n"(*)+ K"(*)W*)+li.c. (8) 


while we define 











»-N HvttrriHo and 5£/l4) 


V3V2««. 

In (9). (10) Af* is the usual Bxcd nucleon creation operator urilh tu 



and (P,),,. are of course, as usual, two-by-tu 
nucleon's spin space. 

Crossing gives also 


K*. - «>’3Xr-«'’.V 

Ji;r. - K'*.)r+«'’.Xr- 


(13) 















Xut (rhird rank tymmctric lemon) are the isospio and spin i spinon 
respectively. Their relation with the components of the Al, d operatora 
previously introduced is: 




AfJ - [rfjajl +ff'j • pi+o‘j • 


ftad similAr reUtions for pi [13]. 

To construct the effective baryon'ineson vertex one cannot of course 
couple directly with Ml because this would lead to an s-wave 

pton-nucleon coupling. One has to define instead [IS] 



On the other hand pore/j coupling would lead to 


Comparison with (14) shows that pure/i col^)ling approximately 
satisfies the relation previously found white pure /i coupling grossly 
violates it. It is however, in our opinion, to be stressed that Eq. (14), 
being closely related to the uniiarity condition for the r*matrix, namely 






































Ai ihe beginning of 1961. it w»s gradually becoming evident that the 
peripheial model was not only a theoretical tool for extrapolating 
experimental results, but was alto able to predict the bulk of experi- 
menul information regarding high energy scattering The fact that 
the model remained valid even for not too small momentum transfers 
(by small I mean of the order of the pion mass) was a puzzle to many 

One day in that period, in a discussion around the coffee table. 
Viki Weisskopf expressed his belief that there must be a way of under¬ 
standing the peripheral model in terms of a classical picture, which 
would provide a more intuitive idea of its successes, as well as of its 









kinematical conditions in the nucleon doud. 


In particular 

•to., - <CW*)d’*- (1) 

Lei us now calculnte p(lt). In the fixed soiiree theory, the Hamiltonian 
density is written as 

H = H„+H, 

H.-Vo..*.., W. -r K.a-.+ SL’a,: 121 

















~ 11 lU^-. cos ff.+ 

ojfc? (2jt)* (c»*+w,)V<i>J—/i* 


where £, and p, are respectively the total energy and momentum of the 
incident pion in the lab. system. 

Let us now interpret the result (8). The first term was coming from 
the nucleon in the sum over mtermediate states. This means that the 
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MOD of that of Poincar^. who long ago put it that probability itself 
could be regarded as an illusion, in that the roulette wheel could in 
principle be Uken as purely causal It is only that the prediction of 
rougt is extraordinarily unstable to error of initial data! By extension, 
that prediction is also unstable to external perturbations. Therefore, 
a causal universe, classically without probability at all becomes a 
statistical one whenever we consider systems in partial isolation from 
their context. For then the neglected interactions disturb the predic¬ 
tions of mechanics, and prevent us, say. from unstirring Gibbs's 
milk and ink. Whenever we choose to place the system boundaries. 
something remains outside which, in suffident time and for suitably 
complex systems, will wreck the extraordinarily delicate correlations 
of position with velocity upon which rcversibilily. for example, 
depends. A simple estimate of the degree of sensitivity to external 
perturbations is the end part of our story. Note that only one system, 
the whole universe, could possibly exist without any external unknown 
penurbation.s. Any theory of a system less complete must allow their 
presence in some degree. If that degree is adequate, the system becomes 
irreversible, in spite of the reversibility of dynamics. The whole point 
is that the intricacy of the ribbons of black threading the phase space 
rapidJy becomes so great for any system of many particles that even 
dynamically negligible, unshieldable. graviutional pertuibations are 


system and perturbation would always work. But that means en¬ 
larging the system. For now the perturbation needs to be known, and 
must become part of the sy.stem. Still there remains some other 
disturbance outside. Only the whole universe can then escape, as it 
ought to escape, the requirements erf* the StossxtAlansatz. 

Consider a system of many particles, say with / coordinates in 
phase space. It is located in the neighborhood of some mean p and 








required for prediction. Reversibility, for example, would be lost; 
only qua&f'ergodic predictions would be secure. But this means 
ip^ApINf </'**/.*» a number oronk:runity ).and then 
z^x{Ap}6pV'^. 

The true solution is so filigreed and braided that the slightest 
external effect soon shiAs it by an amount characteristic of its own 
scale of detail. One may estimate that a gravitational force exerted by 
a falling apple a kilometer away ova* an arc of ten centimeters is 
ample to mix up the trajectory of a mole of normal gas. in a time of 
milliseconds. Admittedly this has been a wildly crude estimate, but I 
do not believe it is in substantial error. For a less complex system, 
the perturbation becomes of dwindling effectiveness; the solar system 
cannot be treated as reversible in the presence of galactic forces, but 
the earth-moon system is easily managed to high accuracy. A few 
molecules would work equally well simply held in a box. 

Gibbs and many followers have emphasized the importance of a 
targe strongly-coupled thermostat system in defining the canonical 
distribution. It seems to me that the least degree of coupling to well- 
defined dynamical systems is enough to justify statistical mechanics. 































